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0 Introduction

Forcing is probability theory. To illustrate this, here is a short proof of the consistency of V' # L.
The usual von Neumann hierarchy is generated by taking power sets:

Vo =2,
Va+1 = P(VCM)’
Vo = Upgcq Vp if a is a limit,

V= UozEOrd Va.

To make things probabilistic, define a new hierarchy V. as above except that we take the random
power set at successor stages, whatever that means, so V', | consists of all random subsets of V,;. The
idea is then to show that the resulting “probabilistic von Neumann universe” V" models ZFC with
probability 1. Now let G be a random subset of w such that each natural number n belongs to G with
probability 1/2. For every constructible set A of natural numbers (or indeed any “deterministic” set),
the probability that G equals A is zero: say A = @, then P(G = @) =[[2y P(n ¢ G) =172, % =0.
We conclude that a random subset of natural numbers is non-constructible, so V' # L holds in V"
with probability 1, in particular it is consistent.

Technically the above proof is nonsense, but it is not too far from the spirit of forcing, and
in fact pretty close to the “Boolean-valued model” approach. Can we find a notion of “random
subsets” that makes this proof rigorous? A first thought might be to mimic fuzzy set theory and
define a fuzzy von Neumann hierarchy by letting V,J,; be the set of all functions u : V] — [0,1];
we think of such a function u as a “random set”, and u(z) as the “probability” that x belongs
to u. This doesn’t quite work because of the incompatibility of fuzzy logic with classical logic.
Instead, since classical logic and Boolean algebra are close friends, it is not unreasonable to let V,, ;
consist of functions u : V] — B where B is some fixed Boolean algebra. A Boolean algebra is a
structure (B, V, A, *,0,1) that behaves similar to an algebra of sets like (P(X),U,N, ¢, &, X); for
precise definition see Section 2. It’s harmless to think of B as a g-algebra, its elements as events,
and the operations in terms of Venn diagrams.

Having defined the probabilistic hierarchy, we next need to define the Boolean value, or probability,
of a formula ¢; it is going to be an element of B and denoted [¢]. The propositional case is
straightforward; for example, [ A ] is just [] A [10], where the second A means the meet operation
in the Boolean algebra B. Quantifiers are also easy to handle once we add the requirement that
B is a complete Boolean algebra. The most difficult case turns out to be atomic formulas, i.e.,
given random sets u, v how to define Ju = v] and [u € v]. For a function u : V] — B, we might be
tempted to think u(z) is the “probability” of € u and hence coincides with [« € u], but actually
it’s more complicated. Here is a simple example illustrating the subtlety. Suppose x,y, z are three
unrelated random sets, u contains x with probability ¢ and y with probability b, while v contains y
with probability ¢ and z with probability d, and they don’t contain anything else. In symbol:

What should be [u = v], the probability that u equals v? There seem to be two ways for them to be
equal: either u = v = {y} or u = v = &. The probability of u = {y} is a* A b, and v = {y} is ¢ A d¥,



sou=v={y}isa* ANbAcAd*. Similarly, u = v = @ has probability a* A b* A ¢* A d*. Altogether,
this suggests we define

[u=v]=(@ AbAcAd*)V (a* ANb* Nc* Nd*) =:7.
So far so good. Next consider

w = {(u,p), (v,q)}

What is [u € w]? Certainly it should be at least p, but:

e [v € w] should be at least g;
o [u=v]=mr;

e we would like u = v Av € w — u € w to be true with probability 1, so we probably want
[u=v]Afvew] <[uew].

So [u € w] should also be at least r A q. Altogether, [u € w] is at least p V (r A ¢), which will
actually be our definition of [u € w]. In general, u(x) = a should be interpreted as “z belongs to u
with probability at least a”, so u(z) < [z € u]]. As can be seen from this example, the calculation of
probabilities of atomic formulas is complicated by the fact that random sets can in turn belong to
other random sets. Fortunately, once we figure out the definition of Ju = v] and [u € v], the rest is
relatively straightforward, including showing that the hierarchy satisfies ZFC with probability 1.

This concludes our sketchy overview of the Boolean-valued model approach. Section 1 will be
an elaboration of the above discussion. A bit of history: Cohen originally used the ctm approach
to forcing; he did not use either poset or Boolean algebra explicitly. It was noticed by several
people that his method could be interpreted as building a Boolean-valued model. However, people
soon realized that while Boolean-valued model might be more intuitive, ctm and poset are more
convenient to work with in practice.

There is probably no single best reference for forcing. Many people just try to learn forcing from
different sources multiple times and struggle with them, until one day they suddenly understand
everything and write their own notes. Kunen [12] is the standard reference for the ctm approach
to forcing. Standard references for the Boolean-valued model approach are Bell [3] and Jech
[9, Chapter 14]. Jech gives a more complete account, including the relation between the two
approaches, but Bell might be more beginner-friendly. See also writings by Matteo Viale such as
[14-16]. Yet another way to interpret forcing is to use topoi and sheaves [8].

1 You could have invented forcing

This whole section is aimed at motivating forcing, so feel free to skip it if at some point it starts
to create more confusion than motivation.

1.1 How not to do forcing

A basic application of forcing is the consistency of, e.g., ZFC + —-CH; a more modest goal is to
prove the consistency of ZF + V' # L, which will be our focus in this section. First let’s see why it



is impossible to achieve V # L with inner model, as observed by Shepherdson and independently
Cohen [4]. The discussion below is based on the beginning part of Kunen [12, Chapter IV].

What is an inner model? The basic example is the constructible universe L, which is used to
show the consistency of AC and GCH. Let’s recall the overall logic of consistency proof using L.
We write down a formula z € L, which is the abbreviation of Ja(x € L,), where z € L, is in
turn the abbreviation of some complicated formula. Then we show the theorem scheme that “L
is a class model of ZF” in the sense that for each ZF axiom ¢, the relativization ¢’ is a theorem
of ZF; the relativization ¢” is defined inductively by (¢ A )L := & AL, (=p)F := =(¢F) and
(Vop)t :=Va(r € L — o).

Moreover, AC* and GCH” are also theorems of ZF. Even better, abbreviating the statement
VaJa(z € L) (“all sets are constructible”) as V = L, we can show that (V = L) is a theorem of
ZF, and ZF +V = L proves both AC and GCH. By an induction in the metatheory, we show that
whenever ZF 4+ V = L proves a sentence ¢, the relativization ¢’ is provable in ZF, so if ZF+V = L
is inconsistent, namely it proves a contradiction ¢ A =@, then ZF is already inconsistent, since it
proves ol A ~pl. Taking contrapositive, if ZF is consistent then so is ZF +V = L, and hence
ZFC + GCH.

In general, an inner model is essentially a formula M (x), possibly with other free variables as
parameters, such that for each ZF axiom ¢, the relativization ¢ is a theorem of ZF, where ¢ is
defined inductively by, e.g., (Vap)M := Vo (M (x) — ™). Examples of inner models include the
two types of relative constructible hierarchy L(A) and L[A], and the class of hereditarily ordinal
definable sets HOD.

Now say we want to prove the consistency of ZF +V # L. The inner model method cannot
possibly work. More precisely, working in ZFC, one cannot find a formula M (x) that provably
defines an inner model M which violates CH or even V = L. Because if there were such a formula
M (z) that works in ZFC, then of course it would also work in ZF +V = L, but if V' = L holds then
the class defined by M (z) must be the same as L, since L can be shown to be the smallest inner
model (a class model of ZF containing all ordinals), so M satisfies V = L, a contradiction.

1.2 The ctm approach

Since inner model cannot work, a natural thought is to try the other direction: start with a
ground model and expand it instead of shrinking it. We cannot let the ground model be the whole
universe V, because V is already everything and there is nothing outside to add into V' (so long
as we stick to transitive models); we cannot let the ground model be L either, since it could be
equal to V. So maybe instead of class model, let’s start with a transitive set model M. An issue
is that by Godel’s second incompleteness theorem, ZFC cannot prove the existence of such an M,
but this can be circumvented in several ways, see for example Kunen [12, Chapter IV.5]; for now
let’s pretend there is such an M. Once we manage to construct a strictly larger transitive model
N D M with the same ordinals, i.e., M N Ord = N N Ord, we get the consistency of ZFC + V # L:
by absoluteness of o+ Lo, LN = LM C M C N,so N =V # L.

Now M shouldn’t be a set that is too large either, such as V,, because there is no strictly bigger
model N with the same ordinals (a strictly bigger N would contain something of rank at least &,
and if NV satisfies any modest set theory it must contain k). This suggests that M should be as
small as possible, perhaps countable. So let M be a fixed countable transitive model (ctm); we also
call it the ground model. M contains only countably many, say, subsets of w, aka reals, so there are



many reals outside of M that we potentially can add. The optimistic hope is that after throwing in
a new real and perhaps closing it up under suitable operations, we do get a model of ZFC.

Consider some G C w, G ¢ M; the letter G stands for generic, and the reason will become
clear later. We want to throw G into M to get a new model denoted M|[G], called the generic
extension. We will define M[G] in a way that makes sense for any G C w (even non-generic ones),
and it will always be transitive and satisfy M N Ord = M[G]| N Ord, but M[G] may not satisfy
any reasonable set theory if we choose a bad G. For example, since M is countable, M N Ord is
a countable ordinal p, and there is a well-order G C w X w isomorphic to p. Using the bijection
frwxw—w, (Mmn)— (2m+1)2" — 1, we may also view G as a subset of w. Then M|[G] cannot
be a model of ZFC; in fact if N D M U {G} satisfies any reasonable set theory, it should be able to
“decode” G and therefore p € N, so M N Ord £ N N Ord. Bear in mind that our strategy to get
N =V # L relies on LY = LM which requires M N Ord = N N Ord. Can we fix this by choosing
some G that does not code p? But then it might code p via a different bijection f:w X w — w, or
code a countable cofinal sequence of p, or perhaps the countability of M itself. Thus it seems a
daunting task to choose an appropriate G C w.

Surprisingly, it turns out if we choose a “generic” G it would most likely work. Here “generic”
roughly means G belongs to all the relevant dense open sets. The power set P(w) is naturally
identified with the space “2 of infinite 0-1 sequences, aka the Cantor space; it is a compact metric
space under the metric d(z,y) = Y i |$2ii_f{i|. By the Baire Category Theorem, the intersection of
any countably many dense open subsets of “2 is dense, in fact comeager. Roughly speaking, we can
choose any G from the intersection of all the dense open sets that “morally” belong to M, of which
there are countably many; note that a dense open set D cannot literally belong to M, since M is
countable transitive while D is uncountable, but as will be explained later an open subset of “2 can
be identified with a subset of the complete binary tree, which could belong to M. It takes some
time to appreciate the importance of genericity, but here is a simple example: for any bijection
f 1w xw — w that belongs to M, the set of all G that do not code a well-ordering under f is dense
open, so choosing a generic G resolves the problem discussed in the previouse paragraph.

Digressing from how to choose the right G, let’s now think about how to define the generic
extension M[G]. Of course it’s not M U {G}. Along with the set G we must also add all sets
“generated by G over M7, such as w\ G, G X (w\ G), {G,w\ G}, {(2m +1)2" —1:m,n € G},
etc. A natural candidate for M[G] is the closure of M U {G} under the Godel operations (cf.
[9, Definition 13.6]); indeed this was Cohen’s original approach [5]. The modern definition is
equivalent to Cohen’s, but has a slightly different perspective.

The key idea is this: every set in M[G] should have a “name” in M; although people living in
M do not have access to G, for example they can’t decide whether 1 € G or 3 € (G, they should
nevertheless be able to “reason about” the new sets to some extent. This is a bit analogous to
field extension (warning: this is only a loose analogy and not every logician likes it [10]). Say we
want to adjoin square root of 2 to Q. Pretend that we don’t know anything about C, so we have
to construct the square root “from scratch” by taking the quotient Q[z]/(z? — 2) = Q[v/2]. Every
element in the extension has a name in Q[z], for example 2z + 1 is a name for 21/2 4 1, while 23 + 1
is another name for the same number. Although we as people living in Q cannot see v/2, we know
for sure that 22 4 1 and 23 + 1 name the same number in the extension Q[v/2], and that number is,
e.g., irrational.

Back to set theory. Imagine that we live in M, and we introduce a new symbol G as our “name”
for the generic real G C w. Then we can reason about w \ G, G x (w\ G), {G,w\ G}, etc. For
example, although we can’t decide whether (1,3) € G x (w \ G), we know that it holds just in case



leGand3¢Qa.

Formally, consider the set P = Fn(w, 2) of finite partial functions from w to 2 = {0, 1}; elements
of P are called forcing conditions, and are thought of as partial information about the generic real G.
For example, the function {(1,1), (3,0), (5,1)} intuitively means 1 € GA3 ¢ GAb € G. If p,ge P
and p D ¢ (i.e., p as a function extends ¢), then intuitively p “carries more information” than ¢; for
example {(1,1),(3,0),(5,1)} tells us more about the generic real than {(1,1),(3,0)}. On the other
hand, if n € dom(p) Ndom(q) and p(n) # g(n), then p and ¢ carry “contradictory information”. It
is customory to partially order P by reverse inclusion, namely p < q iff p O ¢, in which case we also
say that p is “stronger than” ¢, so conditions that carry more information are stronger. The empty
function @ carries no information, and hence is the maximum (hence weakest) element of P; it is
usually denoted 1p.

It should be self-explanatory what it means for G C w to satisfy a condition p € P. For example,
if p={(1,1),(3,0)}, then G satisfies p iff 1 € G and 3 ¢ G. Put another way, if we consider the
characteristic function xg € “2 of G, then G satisfies p iff xg 2 p.

The partial order P also allows us to give a more precise definition of genericity. There is a close
relation between [P and “2; indeed, the sets N, := {f € “2: f D p}, p € P constitute a countable
base for the topology on “2. Call a set D C P open if p € D and ¢ < p imply q € D, and dense if
any p € P has an extension ¢ (namely g < p) that belongs to D. A dense open subset U of the space
“2 gives rise to a dense open subset D of the partial order P, namely D = {p : N, C U}; conversely,
given D we can recover U by U = U,ep Np. We thus define G C w to be generic for M if:

for any dense open set D C P that is in M, there is some p € D such that G satisfies p.

Since M has only countably many dense open subsets of P, and to say that G satisfies some p € D
is the same as saying x ¢ belongs to the corresponding dense open subset U of “2, we see from Baire
Category Theorem that generic reals G are abundant. We now summarize how the ctm approach to
forcing works:

1. (everything has a name) Define the class M¥ of P-names in M. Devise an algorithm that,
given G C w, interprets a name o € MF into a set og. Define the extension M|[G] to be
{og:0€ MF}.

2. (names are meaningful) Show that for any formula ¢(z1,...,2,) and any names oy,...,0, €
MP, there is a set C' C P of conditions in M, which might be called the “truth set” of ¢, such
that for any generic G C w, we have

MG E ¢((01)G, - - -, (on)g) iff G satisfies some condition in C.

In fact we will show something stronger: for any fixed ¢, the map that sends o1, ..., 0, to the
truth set C' is definable in M.

3. (everything works out) Show that if G C w is generic, then M|[G] is a model of ZFC.
For now let us not go into further detail about the ctm approach, except mentioning that Step 2

is the “real meat”, and once it is figured out Step 3 will be relatively straightforward. Instead of
Fn(w,2), the theory works equally well for an arbitrary partial order (or even preorder) P, often



assumed to have a maximal element 1p for convenience; in practice P is often the set of partial
approximations to the object we want to add by forcing.

Something used a lot (often implicitly) in the ctm approach is the absoluteness of various
properties between the ctm M and the real world V, e.g., various transfinite recursions have the
same result whether computed in M or in V. See for example Subsection 5.1 or Kunen [12, .16,
I1.4]. This can add another layer of complexity to the already technical exposition. Absoluteness
results are also used in the Boolean-valued model approach, but to a somewhat lesser extent.

1.3 The Boolean-valued model approach

The Boolean-valued model approach, though essentially the same as the ctm approach, is in
my opinion more intuitive and beginner-friendly. It stems from two observations about the ctm
approach:

e Replacing the partial order P by a complete Boolean algebra B simplifies the arithmetic of
truth sets.

For our basic example, we replace P = Fn(w,2) by its Boolean completion B. Roughly
speaking, each element of B corresponds to a subset of P. It is also possible to define B
explicitly, say as the collection of regular open subsets of “2.

o For the sake of consistency proof, there is really no need to choose an actual generic G and
pass to the generic extension M[G]. We might as well reason entirely in the ground model M.

The sole purpose of choosing M to be a ctm is to ensure generic G exist. Once we get rid of
G we might as well choose V' to be our ground model; this is called forcing over the universe.

The Boolean-valued model approach can then be summarized as follows:

1. (everything has a name) Fix a complete Boolean algebra B = (B, V, A, *,0,1). Define the
class VB of B-names.

2. (names are meaningful) To every formula o(z1,...,z,) and any names o1, ...,0, € V5 assign
an element [¢(o1,...,0,)] € B, called the truth value of p(o1,...,04).

3. (soundness) Show that whenever ¢ is a ZFC axiom or logical axiom (such as u = v Awv €
w — u € w), it has truth value 1. Moreover, [V # L] = 1 as long as B satisfies some mild
condition. Then show by induction in the metatheory that whenever ZF + V # L proves ¢,
we have [¢] = 1.

As before, the key is Step 2, and as mentioned in the introduction the most challenging case is when
¢ is atomic, i.e., € y or x = y. Step 3 then tells us V2 is a Boolean-valued model of ZF + V # L,
and if a theory has a Boolean-valued model then it is consistent, thus establishing the consistency
of ZF +V # L. By varying B we can also manipulate the truth value of various statements in V7,
such as CH.

The class VZ of B-names, or “B-random sets”, is defined by:

VbB:@’



VOEH = the set of partial functions from V.2 to B,
VB = Us<a VﬁB if a is a limit,

VB = UaGOrd VaB‘

The reason for using partial functions rather than total functions in the successor stage is to ensure
VB C Voﬁl, although this is inessential. An element b € B might be called a Boolean value, event, or
just probability. By Stone representation theorem, every Boolean algebra is isomorphic to an algebra
of sets; complete Boolean algebras do not correspond to o-algebra of sets, but they are similar in
some ways, so the use of probabilistic language isn’t unjustified. If u,2 € V? and = € dom(u), we
interpret u(z) = b as “x belongs to u with probability at least b”. There is a natural “embedding”
V — VB x s &, defined recursively by & = {(7,1) : y € z}.

The truth values [u = v] and Ju € v] are defined by a simultaneous induction on the “ranks” of
the names wu, v, similar to the sample calculation in Section 0. After handling the atomic formulas,
it is straightforward to extend the Boolean value assignment to arbitrary formulas. The definition of
truth values of atomoic formulas will ensure that V7 is indeed a Boolean-valued structure, namely
it satisfies properties such as Ju = v] A J[v = w] < Ju = w]. After that it will be relatively easy to
show that [¢] =1 for every ZFC axiom .

Boolean-valued model is enough for consistency proofs, but if one really wants to work with
transitive models, it is not hard to relativize all these to a ctm M, form the Boolean valued model
M?PB | pick a generic G and form the extension M[G]. Even in this approach the use of complete
Boolean algebra makes the proofs somewhat cleaner compared to using partial order.

2 Boolean algebras

2.1 Definitions

An algebra of sets on X is a subset of P(X) that is closed under union, intersection and comple-
ment, and contains X and @. A Boolean algebra is roughly speaking a structure (B, V, A, ,0,1)
that behaves like an algebra of sets. In fact, by the Stone Representation Theorem discussed in the
next subsection, every Boolean algebra is isomorphic to an algebra of sets. However, the Boolean
algebras most important to us are the complete ones, which most often arise as certain quotients,
and it’s not super helpful to think of them as algebras of sets. Hence the notion of an abstract
Boolean algebra.

Definition 2.1. A Boolean algebra is a structure (B, V, A, *,0, 1), consisting of a nonempty set B,
two binary operations A and V, a unary operation #*, and two constants 0 and 1, that satisfies the
following axioms:

avVb=bVa, aNb=bAa
aV(bVve)=(avb)Ve, aN(bAc)=(aAb)Ac
aV(bAc)=(aVb)A(aVe), aN(bVec)=(aNb)V(aAc)
avVa*=1, aha* =0
(aVb)ANa=a, (aNb)Va=a



The most important axioms are the absorption laws (aV b) Aa =a and (a Ab) Va = a, from
which other important properties follow, such as:

aVa=a, alNa=a

aVO0=a, aANl=a

aVli=1 aAN0=0

(aVb)*=a"Ab", (aAb)"=a" VD"
a™ =a

For example, aVa=aV ((aV b) A a) = a, where we used both absorption laws. There is obviously
a duality between V and A, 0 and 1, which means if (B, V, A, *,0,1) is a Boolean algebra then so
is (B, A, V,%,1,0). It follows that, for example, if some sentence ¢ in the language {V, A, *,0, 1} is
provable from the axioms, then so is its dual ¢’, obtained by interchanging V and A, 0 and 1.

We use a < b to mean a Vb = b, or equivalently a A b = a. It can be checked that < is a partial
order. Recall that for a partial order (P, <) and X C P, a is called an upper bound of X if a > x
for all x € X, and it is called the supremum if a < b for any upper bound b; the definitions of
lower bound and infimum are similar. It can then be checked that in a Boolean algebra, a VV b is the
supremum of {a, b}, also called their join, and a A b is the infimum of {a, b}, also called their meet.
A partial order that has joins and meets is called a lattice, and a Boolean algebra can be defined
purely order-theoretically as a “complemented distributive lattice”.

a,b are called incompatible if a A b = 0. Denote by BT the set of nonzero elements of B. A set
A C BT is an antichain if it consists of pairwise incompatible elements; be aware that some authors
define an antichain to be a set of pairwise incomparable elements, meaning a £ b and b £ a. A
mazimal antichain is an antichain that is not contained in a strictly larger antichain; for example if
a # 0,1, then {a,a*} is a maximal antichain. By Zorn’s lemma, every antichain is contained in a
maximal one.

We use a = b to denote the element a* VvV b. It can be checked that ¢« = b =1 iff a < b. Be aware
that we use V, A both for Boolean operations and for logical connectives in our formal language,
although we distinguish = and —.

The supremum of X, if it exists, is denoted \/ X, or sometimes \/? X when we want to emphasize
the dependence on B; if X is given as {a; : i € I} we also write \/;c; a; for \/ X. If the supremum of
any X C B exists, B is called a complete Boolean algebra; it follows that arbitrary meet exists, by
considering the supremum of the set of lower bounds of X. Alternatively one can use the infinitary
De Morgan’s law:

7

*
i
which can be deduced from the following distributive law that holds as long as \/; a; exists.

<\/ ai> ANb= \/(al A b)
i i
However, the followng infinitary distributive law does not hold in general:

AVaii= NN ag,

jeJiel fid—Ijed
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Infinitary distributive laws are closely related to forcing: a complete Boolean algebra satisfies the
above law with |J| < k iff it does not create new sequences of ordinals of length < k.

A subalgebra is a subset closed under V, A and * and containing 0, 1. If B is a complete Boolean
algebra, B’ C B is a subalgebra that is complete, and moreover \/%' X = VP X for any X C B/,
then B’ is called a complete subalgebra. Be aware that a subalgebra that is complete may not be a
complete subalgebra; see the discussion below about Stone representation.

A Boolean homomorphism is a map that preserves the operations and 0, 1, and an embedding is
an injective homomorphism. If f : B — C is an embedding between complete Boolean algebras
such that f(\/ X) =V f(X) for any X C B, then f is called a complete embedding, and f(B) is a
complete subalgebra of C. It can be checked that an embedding f : B — C' is complete iff for any
maximal antichain A C B, f(A) is a maximal antichain in C.

A set D C BT is dense if it is dense in the order-theoretic sense, namely Va € B™3b € D(b < a).
We will later show that any Boolean algebra (in fact any poset) can be densely embedded into a
complete one, called its Boolean completion.

2.2 Examples

We review some important examples and constructions of Boolean algebras.
The trivial Boolean algebra

The axioms of Boolean algebra do not exclude the possibility of 0 = 1, but we are not interested
in that case, so for us the simplest Boolean algebra is 2 = {0,1} with the obvious operations. It is a
complete subalgebra of any Boolean algebra.

Atomic algebra

For any set X, P(X) with the union, intersection and complementation operations form a
complete Boolean algebra; supremum is simply union. Any finite Boolean algebra, or more generally
any complete atomic Boolean algebra is isomorphic to some P(X); an atom is a minimally nonzero
element a, namely a # 0 and if b < a, either b = a or b = 0; B is atomic if below any nonzero
element there is an atom.

B is called atomless if there is no atom, equivalently any nonzero element can be split into two
nonzero elements. There exists a unique countable atomless Boolean algebra up to isomorphism.
The uniqueness is proved by back-and-forth method, similar to the proof that there is a unique
countable dense linear order without endpoints.

Algebra of sets

Any subset of P(X) closed under the set operations is also a Boolean algebra, called an algebra
of sets. By Stone’s Representation Theorem, this actually gives rise to all Boolean algebras, in other
words any Boolean algebra B embeds into P(X) for some X. Thinking of a B as an algebra of
set can be helpful, but not always; for example, when B is complete, the embedding given by the
theorem is most often not complete, because a complete subalgebra of P(X) is easily seen to be
atomic.

We briefly discuss Stone duality and how it implies the representation theorem. A filter on B is
a subset (G such that:

e 1 €@,
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e 0¢@G,
e ifaeGand be G thenaAbeGqG,

e ifae Ganda<bthenbecd.

A filter G is an ultrafilter if for any a € B, at least (and therefore exactly) one of a and a* is in
G. The usual definition of ultrafilter on a set X is the special case of B = P(X). For any a # 0,
{b € B:a<b} is a filter, and it is an ultrafilter iff a is an atom. Any filter can be extended to an
ultrafilter using Zorn’s lemma; in particular any nonzero a is contained in some ultrafilter.

Let St(B) be the set of all ultrafilters on B, and for each b € B let [b] = {G € St(B) : G > b}.
We have [by] N [b2] = [b1 A ba] since any G is closed under meet, so {[b] : b € B} is a basis for a
topology on St(B); each [b] is actually clopen—both closed and open, since [b] U [b*] = St(B) and
[b] N [b*] = @. Under this topology St(B) is a compact Hausdorff space; compactness follows from
the fact that any filter can be extended to an ultrafilter. It is also zero-dimensional, meaning having
a basis consisting of clopen sets. Any clopen set is of form [b] by compactness. Thus B is isomorphic
to the algebra of clopen sets in St(B). This means:

o B is isomorphic to an algebra of set, because the clopen algebra is a subalgebra of P(St(B)),

o B can be recovered from St(B).

Moreover, Boolean homomorphisms induce continuous maps on Stone spaces in the opposite direction
and vice versa. The Stone duality states that this is a contravariant equivalence between the category
of Boolean algebras and the category of zero-dimensional compact Hausdorff spaces.

Regular open algebra

For a topological space X and A C X, denote the complement and closure of A by A’ and A
respectively; then A° := A" is the interior. An open set U is called reqular if U° = U; intuitively
U does not contain “holes”. A™ is regular open for any A, in other words A°° = A°. RO(X),
the collection of all regular open sets in X, is a complete Boolean algebra under the operations
UVV=UUV)°, UANV =UnNV,and U* = X \ U". The supremum of (U;); is (U, U;)™°.

If X is a complete separable metric space such as R or the Cantor space “2, then RO(X) can
also be defined as the Boolean algebra of Borel subsets of X modulo the ideal of meager sets, since
every Borel set differs from a regular open set by a meager set, and Baire Category Theorem implies
different regular open sets are non equivalent.

The algebra CI(X) of clopen sets is a subalgebra of RO(X). They are usually different, and
if RO(X) = CIl(X) (every regular open set is clopen, or equivalently the closure of open set is
open), then X is called an extremally disconnected space. When X = “2, the clopen algebra C(¥2)
consists of finite unions of basic clopen sets N, = {z € “2 : x D p} where p is a finite partial
function from w to 2. Clearly C1(¥2) is countable and atomless, so RO(“2) is the completion of the
countable atomless Boolean algebra, also called the Cantor algebra or the Cohen algebra.

Random algebra

Let X be [0,1] or “2 with Lebesgue measure, and consider the Boolean algebra of measurable
subsets modulo the ideal of null sets, denoted by Mes(X), also called the random algebra. Mes(X)
has a countably additive measure inherited from the Lebesgue measure. Mes(X) is complete, as can
be seen from the fact that it is countably complete and does not have uncountable antichain. Note
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that although Mes(X) satisfies the countable chain condition just like RO(X), it does not have a
countable dense set. Cohen forcing and random forcing are both similar and orthogonal in some
ways.

Lindenbaum—Tarski algebra

Let T be an L-theory. Two formulas ¢, are T-equivalent if T'F ¢ <> ¢. Formulas with free
variables among x1,...,x, under T-equivalence form a Boolean algebra, whose Boolean operations
are induced by the logical connectives. This is the Lindenbaum—Tarski algebra; its Stone space is
known in model theory as the type space S, (T).

Algebra below an element

If B is a Boolean algebra and b € B is nonzero, then b} := {a € B : a < b} can be viewed as a
Boolean algebra with maximal element b and complementation a — b A a*. If B is complete then
so is b). Note that this is not a subalgebra since the maximal element and complementation are
different.

Quotient algebra

An ideal I on a Boolean algebra is dual to the notion of filter, namely it contains 0 but not 1, is
closed under join, and is downward closed. A prime ideal P is dual to an ultrafilter, namely either
a€ Pora*eP.

Given an ideal I, we can form the quotient Boolean algebra B/I consisting of equivalence classes,
where a and b are equivalent if their symmetric difference (a A 0*) V (b A a*) belongs to I, and the
Boolean operations on B/ are defined in the natural way. An ideal P is prime iff the quotient B/P
is the trivial Boolean algebra {0,1}.

bl is an ideal, called the principal ideal at b. The quotient of B by b is naturally isomorphic to
b*J.
Boolean ring

P(X) can be viewed as a ring, in fact an Fy-algebra, with addition given by symmetric difference
AAB = (A\ B)U(B\ A) and multiplication given by AN B; the additive unit is @ and multiplicative
unit is X. This generalizes to any Boolean algebra, with symmetric difference defined as in the
previous example. This results in a Boolean ring, namely a ring satisfying 22 = z, which implies
x4+ x = 0. A subset is an ideal in the Boolean algebra sense iff it is an ideal in the ring sense.
Conversely, a Boolean ring (B, +,-,0,1) can be viewed as a Boolean algebra by letting a VV b be
a+b+a-b.

Cartesian and tensor product

If B and C are Boolean algebras, then the Cartesian product B x C' is a Boolean algebra with
operations defined pointwise. If B and C are complete then so is B x C. Note that b — (b,0) is not
a Boolean algebra embedding since it doesn’t preserve 1. For any nonzero b € B, there is a natural
isomorphism between B and b x b*]. More generally, if X C B is a maximal antichain, then B is
isomorphic to [],cx al-

Caution: below we will talk about Boolean completions of posets. Denote the Boolean completion
of P by B(P); then B(P) x B(Q) is not the Boolean completion of P x Q, but rather the Boolean
completion of the “disjoint sum” of P and Q. The Boolean completion of P x Q is the tensor product
B(P) ® B(Q). We omit the definition of tensor product since we don’t strictly need it, but an
instructive example to keep in mind is that RO(R) ® RO(R) ~ RO(R?).
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3 Boolean-valued model

3.1 Definitions

We first define Boolean-valued structures in the language of set theory. It clearly generalizes to
arbitrary language; later it will be useful to allow some unary predicates.

Definition 3.1. Let B be a fixed complete Boolean algebra. A B-valued structure of set theory is
a set or class M, together with two maps [- = -] : M? — B and [- € -] : M? — B, such that for any
u,v,w € M, we have the following:

[u=u] =1
[u=1v]=[v=1]

[u=v]Av=w] <[u=w]
[u€v] Ao =w] < [uew]

[u=v]AfJuew] <[veuw]

Note that they resemble the usual equality axioms in first order logicsuchasx € yAy =z — = € 2.
When B = {0,1} this almost recovers the usual notion of first order structure (a map M? — {0,1}
is basically a subset of M?), the only difference being that [u = v] may be 1 while u # v. Aside:
in “first order logic without equality”, it is allowed that a = b while a, b are different elements of
the structure, so under this convention first order structures coincide exactly with {0, 1}-valued
structure.

Given a B-valued structure, we can define truth value of formulas recursively, using either of
the two standard approaches in ordinary model theory: assignment or adding all © € M into the
language as constant symbols.

[¢ A9l = [o] ATY]
[=¢] := [o]"
[Vap(2)] == A [¢(w)]

ueM

It follows that [dz¢(x)] = Vyermlo(w)], [¢ — ] = [¢] = [¢], etc.

If  is a sentence and [¢] = 1, we say that M satisfies ¢ or M = ¢. We say M is a model of a
theory T if M = ¢ for every sentence in T'. It can be shown that if M is a model of T', then any
logical consequence of T" also has truth value 1; this is basically the Boolean version of soundness
theorem, which will be discussed in more detail at the end of this section.

Here is a simple example of Boolean-valued model. Suppose X is any nonempty set; consider the
class XV of all functions from X to V; it can be checked that this becomes a P (X )-valued structure
if we define [f =g] ={r € X : f(z) =g(x)} and [f € g] ={z € X : f(x) € g(x)}. This model
appears implicitly in the usual ultrapower construction: if U is an ultrafilter on P(X), we define
the quotient XV/U by identifying f and g if [f = ¢g] € U, and define the membership naturally.
This generalizes to any B-valued model M: by picking an ultrafilter G on B we can form a quotient
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M /G which is a classical structure, and there is an anologue of ¥Lo$’s Theorem; we will come back
to this later.

Now we are finally ready to define the model we will use for consistency proof. Temporarily fix a
complete Boolean algebra B. We will build a class V2, which is a B-valued model of ZFC +V # L,
establishing the consistency of ZFC 4+ V # L by Boolean soundness theorem. Although we work
in ZFC, the basic theory goes through in ZF — P or even weaker theories, though some specific
results do require choice. As indicated in the introduction, we are going to build a “probabilistic
von Neumann hierarchy”, replacing the power set operation by the operation of taking “random
subsets”.

Definition 3.2. By transfinite recursion define V.2 and V' as follows:

ij_l is the set of all partial functions from V.2 to B;

VB = U VﬁB if o is a limit;

B<a

veE=J v/l
aeO0rd

An element u € VB is called a B-name, or a B-random set.
In short, a B-name is a function from a set of B-names to B. We should interpret u(v) = a, in
other words (v, a) € u, as saying “v belongs to u with probability at least a”.

Every x € V has a canonical name #, defined recursively by & = {(9,1) : y € x}. We may call
such a & a deterministic set, in contrast to B-random sets in general. Note that {0,1} is a complete
Boolean subalgebra of B, and & is actually a {0, 1}-name.

Next we define the probabilities for atomic formulas, which is the most difficult and important
step, as in the poset approach.

Definition 3.3. Recursively define two functions [- = -] and [- € -] from V' x V& to B as follows:

[uev]= '\ [y Alu=yl

y€dom(v)
[u=v]= A l@=lzecd] A~ AN [y =Ilyeul
zedom(u) yE€dom(v)

Recall that for a,b € B, a = b means the element a* V b. When we want to emphasize the
dependence on B, we use [u € v]? and [u = v]? respectively.

Let us explain how exactly the recursion works. Define the B-rank of a B-name u as follows:
the least o for which u € V.” must be a successor 3 + 1, and we define the B-rank of u to be 3,
denoted rk?(u), analogous to the usual rank of set. Note that if u € dom(v) then rk?(u) < rk?(v).

To define [u € v], we need to know [u = y] for all y € dom(v). To define [u = v], we need to
know [z € v] for z € dom(u) and [y € u] for y € dom(v). It is therefore enough to show that the
following relation on V2 x V8 is well-founded (it is obviously set-like),

(u',v") < (u,v) iff v/ = uAv' € dom(v)
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or v' =vAu' € dom(u)
or v =vAv" € dom(u)

or v' =uAu € dom(v)

where the third case is actually unnecessary, and we include it just for symmetry. Then we can
define the two functions [u = v] and [u € v] simultaneously by recursion on this well-founded and
set-like relation.

)

The relation (u/,v") < (u,v) is indeed well-founded; this is intuitively clear, since to “decrease’
(u,v), we either decrease one of the coordinates, or first switch the two names and then decrease
one of the coordinates. Formally, if we let

7(u,v) = (max{rk?(u), 1k?(v)}, min{rk? (u), rk? (v)})

then it is not hard to check that (x,y) < (u,v) implies 7(z,y) <iec 7(u,v), where <y is the
lexicographical order on Ord x Ord. The idea is that if we “decrease” (u,v) then either the
maximum or the minimum of {rk”(u),rk?(v)} has to decrease.

The definitions of Ju € v] and [u = v] are partly motivated by the following facts in the usual
set theory:

u €V Jy €vlu=y)

u="1v <+ [V culx € v)]A[Vy € v(y € u)]

The first formula is a logical tautology, and the second one is extensionality. We certainly cannot just
define [u € v] to be \/ [[y € v] A [u = y]], because this does not constitute a recursive definition.

yeVB
However, the RHS of the above formulas only contain bounded quantification; it is not unreasonable

to expect that, e.g., to define Ju € v], it is enough to look at those names in the domain of v.
Assuming this is true, together with the requirement that u(x) < [ € u], one is led to the above
definitions.

Remark 3.4. (a) One can alternatively define Ju = v] = /\ [[z € u] < [z € v]], where
z€dom(u)Udom(v)

of course a < b means (a = b) A (b = a). This is closer to the standard definition of p IF v = v

in the poset approach, such as the one in Kunen. It gives the same Boolean-valued model, as can

be seen from the proof of Lemma 3.6 below. A slightly different argument is needed to show this

definition is letigimate: after defining [u € v] and [u = v] for all u,v € V.2, we first define [u € v]

for u € VB and v € VB |, then [u = v] for u,v € VB, and finally [u € v] for u,v € V5.

(b) When B = {0,1}, VB is essentially just V. More precisely, for z,y € V, [t € g] is 1 ifz € y
and 0 otherwise (this is of course proved by induction), similarly for [# = ¢]. Not all u € V? are of
form . However, it is true that Ju = 2] = 1 for some z.

(c) If X is a nonempty set, then XV and VP&) turn out to be equivalent as P(X)-valued
models. It might be easier to think in terms of generic filters: for the Boolean algebra P(X), generic
filters are exactly the principal ones; for each name u € VP(X) | the map that sends z € X to the
interpretation of u under the principal filter at = provides the corresponding element in X V.

(d) We have not proved that V¥ is a B-valued structure, namely it satisfies the conditions in
Definition 3.1. However we notice that if B’ is a complete subalgebra of B, then for u,v € VE',
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[u € v]?" = [u € v]? and [u = v]® = [u = v]?, so it makes sense to say that V' is a substructure
of VB In particular, the trivial algebra {0,1} is a complete subalgebra of any B, so V is in some
sense a substructure of V5.

With the Boolean values of the atomic formulas defined, we can now proceed as in the remark
after Definition 3.1 to define the Boolean value of all formulas by induction. This is an induction
in the metatheory, since we are dealing with the class size B-valued model VZ; that is, for each
particular formula ¢(x1,...,z,), we can write down a formula that defines the class function
fo: (VB = B, (u1,...,un) = [p(u1,...,uy)]; the basic cases are the two atomic formulas, which
we already handled. Of course, if we did not start with V' but some set model M of ZFC, then we
could define the Boolean value of all formulas at once.

3.2 VP8 is a Boolean-valued model

Theorem 3.5. (i) [u=u] =1;
(i) u(z) < [z € u] for xz € dom(u);

)
i) fu= o] = [v=u];
(iv) [u=2]AJv=w] < [u=w];
)
)
)

(v

(Vi) f[u=v]Afuew] <[vew];

(vii) Ju=v] Ae(u)] < [e(v)] for any formula ¢(x) possibly containing other names.

Proof. (i) is proved by induction on names. (ii) follows from (i) and the definition of [z € u]; note
that the inequality is strict in general. (iii) is true by symmetry in the definition. (iv), (v) and (vi)
can be simultaneously proved using induction. We first present the proof and explain the induction
details later. For (iv):

o=l Ao =] _
= |[u=v] A /\ [u(z) = [z € v]]]] A [[[v =w] A /\ [w(z) = [z € v]]

z€dom(u) z€dom(w)

=|[v=w]A /\ [u(z) = [x € v]]| A |[u=2v]A /\ [w(z) = [z € V]]

L ze€dom(u) . L z€dom(w) .
< /\ [u(z) = [z e v] AJv=w]]| A /\ [w(z) = [z € v] A u=]]

:xEdom(u) ] | z€dom(w) ]
< /\ [u(z) = [z € w]]]] A [ /\ [w(z) = [z € u]]]}

| z€dom(u) z€dom(w)

=[u = w]
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where in the second to last line, we assume by induction that (v) holds for (z,v,w), Vo € dom(u)
and (z,v,u), Vz € dom(w). Similarly, (v) is proved using (vi) and (vi) is proved using (iv). For (v),
note that for any y € dom(v):

v(y) Au =y A v =]

v(y) A u=y] A (v(y) = [y € w])
v(y) Au=y] A (v(y)" V[y € w])
v(y) Au=y] Ay € wl

[u € w]

IlIA

IN

Taking supremum over y € dom(v), we get [u € v] A [v = w] < Ju € w]. For (vi):

[u=v] A [ue w]

=fu=v]n N [w(z)Au=z]]

z€dom(w)
= V [wEAu=2]Au=01]
z€dom(w)
<V A=
z€dom(w)
=[v € w]

Now let’s see why this is a legitimate induction. For brevity let z,y, z range over the domains of
u, v, w respectively. To prove (iv) for (u, v, w) we need (v) for all tripes (z, v, w) and (z,v,u); to prove
(v) we need (vi) for (u,y,w); to prove (vi) we need (iv) for (v, u, z). Define a map 7 : (V5)? — (Ord)?
by 7(u,v,w) = (, 3,7), where (a, ,7) lists rk? (u), rk? (v), rk®(w) in non-increasing order. This
maps witnesses that the induction is legitimate, similar to the recursive definition of [u € v] and

[u="].

Finally (vii) follows by induction on complexity of ¢, the base cases being (iv)-(vi). O

A quick corollary is that, to calculate truth value of bounded quantification, it is enough to
consider those names in the domain. This fact is very useful both in developing the basic theory of
forcing and in concrete applications.

Lemma 3.6 (Bounded Quantification). If u € VB and ¢(z) is a formula with free variable x,
possibly with other parameters, then

Veeup@]l= A [u@)=le@]l= A I[zecu= )]

zedom(u) xedom(u)
Breup@]= \ [@)Ale@N= \ I[zecuAlp@)]
zedom(u) z€dom(u)

Proof. We prove the universal case. For any v € V5:
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[v e u] = [e@)]

*

Y [u(x)/\[[vzx]]]] Vel
| zedom (u)

=| A [u(@)*v [[vzx]]*]} VIe(v)]

| zedom(u)

| A [u(x)*v[[vzm]]*V[kp(v)]]]]
| zedom(u)

> A [U(w)*\/[[sﬁ(w)ﬂ]]

| zedom(u)

= N [u@) = [e@]]

ze€dom(u)

> N llzeu]=[e@)]

redom(u)

The first inequality uses that [v = z] A [¢(z)] < [¢(v)], and therefore [v = z]* V [e(v)] >
[v=2]*V ([v=2z] Afp()]) > [e(z)]. The second inequality is because u(z) < [z € u].

Now taking infimum over v € VB, we get

Ve@eu—e@)] > A @) =l@]z A [eu =[]

xedom(u) z€dom(u)

and the other direction is clear since the infimum is taken over a smaller domain. O

Recall that for a sentence ¢, we say that V' is a model of ¢ if [¢] = 1.
Lemma 3.7. VB is a model of extensionality, comprehension, and regularity.
Proof. For extensionality, we want to show

[Va¥bla = b+ Va(z € a > x € b)) AVy(z € b — x € a)]] =1,
which is the same as showing for any u,v € V5,
[u=v]=[Vzeuzecv]A[Vyecvyecu]

This can be proved either directly or from the Bounded Quantification Lemma 3.6. Applying the
lemma to the formula z € v, we get [Vz € u(z € v)] = Aycaom(u)[w(z) = [z € v]], which is half of
the definition of [u = v]; applying the lemma again to y € u gives the other half.

Comprehension is of course a theorem scheme. We want to show that

[[Vpl o VPnVJUayvz(Z EyrzexTA 90(2795,}71»- .- ;pn))]] =1
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where ¢(z,2,p1,...,pn) is a formula in which y is not free. It suffices to show that for any
Tly .. Tnyu € VB, there exists v € VP such that for all w € V5,

[w e v] = [w € u] Afe(w,u,11,...,7)]

For brevity we suppress the names in ¢ other than w and write p(w). We simply throw in
elements according to their probability of satisfying ¢. That is, we let dom(v) = dom(u) and
v(z) = u(z) A [p(x)]. Then for any w € VB,

[w e v] = \/ v(z) A [w = 2]

zedom(v)

= \/ ul@) Afp@)]Aw= 2]
zedom(u)

=V u@)Afw=az]A[p(w)]
z€dom(u)

- \/ u(z) A Jw = z]| A Je(w)]

zedom(u)
= [w e u] Afp(w)]

For regularity, we want that for every u € VB, [Fz(x € u) — Iz € u(Vy € v y ¢ u)] = 1. If this
were false, then

[Br(x eu)AVzeuFyexyecu)]=0#0

Consider the class C = {x € VB : bA [z € u] # 0}, which is nonempty since b = b A [3z(z € u)];
choose an x € C' of minimal B-rank. By definition of b we have

b<[reu]=[Fyecxyecu],
which means
bA[zeu] <[Fyezyeu]

So by the Bounded Quantification Lemma, there exists y € dom(z) such that b A [y € u] # 0,
contradicting the choice of x. O

Theorem 3.8. V¥ |= ZFC

Proof. The remaining axioms are pairing, union, infinity, power set, replacement and choice. The
proof of their validity in V7 is relatively simple thanks to comprehension.

Pairing: Let w = {(u,1), (v,1)}. It can be checked that if ¢(z,y, z) is the formula expressing “z is
the unordered pair of x and y”, then [¢(u,v,w)] = 1. The exact choice of the formula ¢ doesn’t
matter, since if ZFC - ¢ — 9 and VZ = ¢ then VB = 4. This follows from the soundness theorem
discussed below.

Union: We can cheat by proving the weak union axiom Yu3v(Vx € uVy € x y € v), since this
together with comprehension implies the usual union axiom. The proof of the weak union axiom is
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easy; we can simply let v = J,¢, dom(z) x {1}. It is also possible to directly write down a name
that is the union of u with probability 1.

Infinity: One can directly check that [ is an inductive set] = 1, or use the absoluteness result in
the next section that V |= ¢(a) ++ VB |= ¢(a) for a AF formula o(z) and a € V.

Power set: Again it suffices to prove the weak power axiom YuJvoVw(w C u — w € v). Let W be
the set of all partial functions from dom(u) to B and v = W x {1}.

Replacement: It suffices to prove the collection scheme:
(Vax3Iy o(x,y)) = VuIoVe € uy € v p(x,y))

Using collection in V| there is a set Y such that for every x € dom(u) and every b € B, if there
exists y € VP such that [o(z,y)] = b then there is such a y in Y. Let v =Y x {1}.

Choice: It suffices to prove the well-ordering principle. Here it might be easier to think in
terms of actual generic extension M|[G]. The idea is that for any name u, the evaluation map
f:dom(u) — MG,z — x¢ satisfies ran(f) O u, and dom(u) is well-orderable in the ground model,
hence in the generic extension also. Of course here we are working with Boolean-valued model and
don’t have the G. So we define a name

f=A{op(#,x):x € dom(u)} x {1}

where op(u,v) is the natural name such that V? =“op(u,v) is the ordered pair with coordinates
u,v”, similar to the unordered pair {(u, 1), (v,1)}; note that any = € dom(u) is in particular a set,
and we are considering its canonical name Z. Let X = dom(u). It can be checked that

VB |=4f is a function with domain X and its range contains u”

In V there is a bijection g : & — X for some ordinal o, and we have V2 =g is a bijection between
& and X”. Thus VP =“f o g is a surjection from ¢& onto u”. O

To be fair, we have implicitly used the Boolean soundness and absoluteness results that have not
been discussed yet. For example, we used soundness and the fact that V? |= ZF to conclude that
VB also satisfies things like “if o surjects onto u then u is well-orderable”. We used absoluteness to
show that if ¢ is a bijection in V then g is a bijection in V2. We shall repay our debts shortly.

Recall that the collection scheme is equivalent to the replacement scheme under Zermelo set
theory, and stronger than replacement in the absence of power set axio. The well-ordering principle
is also stronger than axiom of choice when there is no power set. Denote ZF without power set
and with replacement strengthened to collection by ZF — P, and ZF — P plus well-ordering principle
by ZFC — P. Our proof shows that if V satisfies ZF — P then so does V?, and the same holds for
ZFC — P. Without power set axiom, the definition of V® might seem problematic at first, but we
can recursively define a name to be a function from a set of names to B. Thus forcing works over
theories weaker than ZF. Actually Kripke—Platek set theory is more than enough for the basic
development of forcing.

However, without power set one cannot show that every poset P has a Boolean completion, so
for maximal generality one has to give up the niceties of Boolean-valued model. Moreover, the poset
approach seems necessary when it comes to class forcing (when P is a class instead of set).
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3.3 Boolean soundness theorem

In the next section we will show that VB |= V # L as long as B is atomless, and choosing
appropriate B gives VP = —CH. To conclude the consistency of V # L, we still need one more step
which is often glossed over in textbooks.

Theorem 3.9. If VB |= T then the theory T is consistent.

Proof sketch. This is basically the soundness theorem of first order logic, that if a theory has a
model then it is consistent. So if you have seen a detailed proof of the usual soundness theorem
before, such as [11, Lemma II.10.5], you know the proof is going to be routine but tedious. There
are just two essentially minor differences with the usual soundness theorem: (1) this is a Boolean
version; (2) it is for the class model VB, which means it is really a metatheorem.

Recall how we prove the relative consistency of ZF +V = L. We can’t just say “L is a model
of ZF +V = L so it is consistent”, because of the difference between set model and class model.
It is not even possible to express “L is a model of ZF +V = L” using a single sentence in the
language of set theory. What we show is the scheme that for each ZF axiom ¢, the relativization
¢" is a theorem of ZF, and so is (V = L)*. Then we prove by induction in the metatheory that,
whenever ZF +V = L proves a theorem ¢, the relativization ¢ is a theorem of ZF. Therefore if ZF
is consistent then so is ZF + V = L, because if ZF + V = L proves ¢ A = then ZF already proves
ot At

Similarly, our job here is to show that if VZ = T and T proves a sentence ¢, then V? |= ¢, and
hence we can conclude the consistency of T" in the metatheory. Of course we prove this by induction
on proofs; to facilitate the inudction, we actually show that:

(%) if T proves a formula @(x1,...,2,) then VB = o(uy, ..., u,) for any ui,...,u, € VB,

The argument also depends somewhat on the particular proof system we use. Assume we work
in a Hilbert style deductive system, where the logical axioms consist of the propositional axioms,
the equality axioms, together with:

Vze — p[t/x], where t is a term substitutable for z in ¢,

Va(p — 1Y) — (¢ — VYae)), where x is not free in ¢.

Recall that ¢[t/x] is the formula obtained by replacing every free occurence of x in ¢ by t, and ¢ is
called substitutable for x in ¢ if no variable in ¢ becomes bounded in ¢[t/z]. The inference rules are.

Modus ponens: From ¢ and ¢ — 1, deduce 9,

Universal generalization: From ¢, deduce Vzo.

A proof from T is a finite sequence of formulas, such that each of them is either an axiom in T,
or a logical axiom, or obtained from previous formulas by one of the inference rules. Axioms in
T hold in VB by assumption. The propositional axioms hold basically by definition; the equality
axioms were handled in Theorem 3.5; the second quantification axiom is also easy.

The first quantification axiom Vzp — @[t/z] takes more effort. It is slightly simplified by the
fact that we are considering the language of set theory, so the only terms are variables. We need
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to show by induction that if ¢ = p(z,y, 21, ..., 2,) is a formula with no free occurence of x in the
scope of Vy or Jy, then letting ¢ (y, 21, ..., 2n) = ©(Y, ¥, 21, . - ., Zn), for any v, wy, ..., w, € VE we
have

IISO(U7 U, W1, --- ,U)n)]] = [W’(U, Wi, ... ,U)n)]]

whose proof we omit; it is similar to [11, Lemma I1.8.10]. Consequently [Vxy(z,v, w1, ..., w,)] <
[ (v, wi, ... wy)].

It remains to check that inference rules preserve (x), e.g., if T satisfy the universal closures of ¢
and ¢ — 1, then it satisfies the universal closure of . This is straightforward. O

We remark that although we only defined Boolean-valued structures in the language of set
theory, it is straightforward to extend the definition to any language, and prove the more general
soundness theorem that if a theory 71" has a set or class model then it is consistent.

4 Independence results

4.1 Consistency of V # L

A formula in the language of set theory is called bounded if all quantifications are of form Vx € y
or dx € y. 1 and II; formulas are, respectively, those of form Jz; - - - Jx,p or Vay - - -V, where
¢ is bounded. A formula ¢ is A%F if there are ¥ formula 7 and IT; formula 7 s.t. ZF F ¢ < 7 and
ZF F ¢ <+ n. Bounded formulas are absolute between any transitive sets or classes, 3; formulas
are upward absolute, II; formulas are downward absolute, and A%F are absolute between transitive
models of ZF. For more on absoluteness see Subsection 5.1 or Kunen [12, 1.16, I1.4].

Basically the same proof works for Boolean-valued models. Recall that if B’ is a complete
subalgebra of B, then atomic formulas involving B’-names have the same Boolean value whether
calculated in B’ or B, so VB can be viewed as a Boolean substructure of V5.

Lemma 4.1. Suppose B is a complete Boolean algebra and B’ is a complete subalgebra of B.
For any ui,...,un, € VB, if the formula o(x1,...,2,) is bounded (resp. %1, Iy, A%F), then
[e(u, ..., un)]? is equal to (resp. at most, at least, equal to) [(ur, ... un)]".

V can more or less be identified with V{%1}. More precisely, one can prove the scheme
(1, ..., xp) < VIO = 0(#y, ..., #,) by induction. Since {0,1} is a complete subalgebra of any
B, the previous lemma tells us the following: whenever 1, ..., 2z, € V and ¢ is a A%F formula, then
o(x1,...,2,) iff VB |= @(#1,...,#,). We already used this when proving V? satisfies choice, using
that, e.g.,“g is a bijection between o and X" is a bounded formula.

We want to show VP |= V # L. For that we need to understand what are the ordinals
and constructible sets of VB, it turns out they are simply random combinations of ordinals and
constructible sets of V. Let Ord(z) be the formula that says “x is an ordinal”, more precisely “z is
a transitive set of transitive sets”, so it is bounded.

Lemma 4.2. (i) [Ord(u)] = Vacomlu = &] for any u € VB,

(i) For any formula (z), [Bap(a)] = Vaeoralp(@)]-
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Proof. (i) By absoluteness [Ord(&)]? = 1 for any ordinal « in V. Let u € VZ be any name. On
one hand,

\/ [u=a] = \/ [[u=a] A [Ord(c \/ [Ord(u)] = [Ord(u)]

a€Ord a€0rd anrd
On the other hand, Ju = &] and Ju = §] are incompatible for a # 3, namely
[u=a]Afu=A] < [&=F] =o0.

In particular [u = &] # [u = (] if they are both nonzero, so {a : Ju = &] # 0} is a set. Choose ~
large enough so that whenever [u = ] is nonzero or [x = ] is nonzero for some x € dom(u), we have
a < . It follows that [¥ € u] = 0 and [y = u] = 0. We have [Ord(u) =y €cuVvy=uVuedy]=1
by the Boolean Soundness Theorem 3.9. Therefore [Ord(u)] = [u € ¥] =1, i.e.,

[Ord(uw)] < [u €] = Vaey[u = d] < Vaeoralu = 4]

(ii) We show the < direction.

Bog(@)] =\ [Ordw]Alp@)] =\ [ V [[u—d]]] A ()]

ueVB weVB | aeOrd
=V V k=arle@]< \ V k@ =\ lea@)]
u€V B aeOrd ueVB aeOrd a€eOrd
The other direction is clear. ]

Lemma 4.3. [u € L] = \/,¢.[u= #] for any u € VB.

Proof. Let 1(z,a) be the formula that expresses “z belongs to the a-th level of L”. We need the
“obvious” fact that for any name u € VP, [)(u,@)] = [u € La]. First, let p(z, a) be the formula
that expresses “z is the a-th level of L”, which is AF. Since ¢(Lq,a) is true in V, by absoluteness
VB = o(Lqy,&). A more confusing way to say this is VZ = L, = L.

Next, p(z, o) — Vz(z € 2 <> (2, )) is a theorem of ZFC, hence true in V2 by soundness. Since
©(Lq, &) has truth value 1, so does Vz(z € Ly < (2, &)); in other words [u € Ly] = [1(u, &)] for
any u € VB, Finally,

[u € L] = [Fay(u, )] \/ [ (u,q)] = \/ [ue Ly = \/ \/[[u:x]]:\/[[u::i']]

aeOrd aeOrd a€Ord z€L, €L

Theorem 4.4. ZFC +V # L is consistent.

Proof. Let B = RO(2%) be the Cohen algebra, and denote the basic clopen set {z € 2 : z(n) = 1}
by py, whose complement (either in the sense of set or Boolean algebra) is pj, = {z € 2 : x(n) = 0}.
Consider the name G := {(7, Pp) i n € w}. It is easy to calculate that [1 € G] = pn. Moreoever, for
€V, z ¢ wwehave [ =G] =0, and if z C w, then

[ =G] = [/\[[ﬁeG']]

nex

A /\ (Pn = [[ﬁei‘]])]
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e

ne¢x

nexr

:[Apn
=0

where at the last step we note that if z is infinite then A,c, Pn = (MneePrn) " = (NpesPn)’ = 9,
since each p,, is clopen; the case when w \ z is infinite is similar.

So [# = G] = 0 for any = € V, in particular for any = € L. Thus [G € L] = 0 by the previous
lemma. Consequently VB |= 3z(z ¢ L). O

4.2 Delta system lemma and the consistency of —CH

Using B = RO(2") for some large & instead of RO(2*), we can obtain V? = —-CH. The idea is
that kK ~ K X w, so RO(2") ~ RO(2"*¥). Let pa,, be the basic clopen set {z € 2°*“ : z(a,n) = 1}.
If we define Gy, = {(n,pan) : n € w}, then similar to the above proof, [Go # 2] =1 for any z € V.
Moreover, it’s not hard to show [[Ga =+ Gﬁ}] =1 for a # $, and thus in VP there is an injection
from K to P(w).

It may seem like we have proved that V2 = =CH, but there is a caveat: how do we know that
x remains large in VP? Say k = ws. How do we know that VP |=“% is the second uncountable
cardinal”? A priori there might exist a name f , such that VB =« f is a surjection from wq to K7,
or even from @ to k. In fact this does happen for some forcings, but fortunately not in the case
of adding Cohen reals. We shall show that B has the so called countable chain condition, which
ensures that whenever x is a cardinal, V¥ |= £ is a cardinal.

First a combinatorial lemma extremely useful in forcing. A collection of sets (z; : i € I) is called
a delta system if there exists a root R, meaning x; N x; = R for any different 4, j € I.

Lemma 4.5 (Delta system lemma). If (z;: i < wi) is a collection of finite sets, then there exists
an uncountable I C wy such that (z; : 1 € I) is a delta system.

Proof. There exists an uncountable I C w; such that all the (z; : ¢ € I) have the same size, so
without loss of generality we might assume all the (z; : ¢ < w;) have the same size n, and prove the
lemma by induction on n. The case n = 0 is obvious since all of them are empty.

Suppose the lemma holds for n, and we want to show that it holds for n + 1. If there exists
a € Ujcw, i such that Iy := {i < w1 : a € z;} is uncountable, then we apply the induction
hypothesis to (z; \ {a} : i € I1), obtaining an uncountable Is C I; such that (z; \ {a} : i € I5) is a
delta system with some root R. It is clear that (z; : i € I) is a delta system with root R U {s}.

Otherwise, for any a € ;. =i, the set {i <w; : a € x;} is countable; it follows that for any
countable set .S, we have S Nz; = & for all large enough ¢. Inductively define an increasing sequence
of countable ordinals (in : o < wy) as follows: let iy be arbitrary, and when ig has been defined for
every 3 < a, consider the countable set S = Jg., %i, and let a be such that SNz; = & for all
v > . Then (z;, : @ < wi) is a sequence of disjoint sets, i.e., a delta system with empty root. [

Recall that BT is the set of nonzero elements, a,b € B are called incompatible if a A b = 0,
and A C BT is called an antichain if its elements are pairwise incompatible. We say that B has
countable chain condition or ccc, if any antichain A C BT is countable. It is easy to see that B is
cce iff whenever (b; : i < wy) are (not necessarily distinct) elements of BT, there exist i < j < w;
such that b; A b; # 0.
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Lemma 4.6. B = RO(2"%) is ccc for any infinite cardinal k.

Proof. Suppose (b; : i < wy) are nonempty regular open sets in 27; recall that the meet operation of
RO(2") is simply intersection, so we want to show that b; Nb; # @ for some i # j. For every finite
partial function p : k — {0,1}, let

up={r€2:22p}={xre2¥:Vaecdom(p) z(a) =p()}

By definition of product topology, the collection of all u, is a basis for the topology on 2. Since
each b; is a nonempty open set, there exists a partial function p; : K — {0, 1} such that b; D u,.

It suffices to show that for some i < j < w; we have upy, Nu,, # J. This is the same as
saying p; and p; are compatible as functions, i.e., agree on the intersection of their domains, in
which case p; U p; is also a partial function and wp, Nup, = up,up;- Now we apply delta system
lemma to (dom(p;) : i < wy) to obtain an uncountable I; C w; and a root R C k such that
dom(p;) Ndom(p;) = R for any different ¢, j € I;. Since there are only finitely many functions from
R to {0,1}, there is an uncountable I C I such that all the p;, i € I restricted to R are the same.
We have found not just two, but uncountably many p;’s that are pairwise compatible, thus finishing
the proof. O

Theorem 4.7. If B is ccc, then for any cardinal k, VP |= K is a cardinal.

Proof. This can be checked directly for k = w, so suppose & is an uncountable cardinal and A < & is
infinite. Fix a name f, and denote [ f is a function from A to k] by b. It might be easier to think
about the case b = 1, and in fact there is no loss of generality in considering this case because of
Lemma 5.8, the maximal principle. Since V7 satisfies “if f is a function, f(z) =y and f(z) = =
then y = 27, for any different a1, a2 < xk and any 8 < A we have:

bALF(B) =] ALF(B) = ] < [dr = o] =0,

so for each B < A\, {bA[f(B) =] : a < K} is an antichain; since B is ccc the antichain must be
countable, and therefore Ag := {a < K : b A [f(B) = @] # 0} is countable.

Since & is a cardinal (in V'), the union of all the Ag, 8 < A has size at most w x A = X\ < k;
choose some a < % not in the union, so that b A [f(8) = &] = 0 for any B < A. Using the Bounded
Quantification Lemma 3.6, it is not hard to calculate that [f is surjective] = A, Vg<r[f(B) = ],
sobA[ fis surjective] = 0. Therefore V¥ satisfies that no function from A to & is surjective, in
other words £ is a cardinal. O

Basically the same proof shows that if B is ccc and  is regular, then V? = £ is regular.

Theorem 4.8. Let B = RO(2%) where k > wy is an infinite cardinal. Then VB = |P(w)| > &, so
in particular VB |= =CH. Moreover, if k¥ = k in V then VB = |P(w)| = k.

Proof. As mentioned before, we might view B as RO(2%*%), and define Gy, = {(7, pa.n) : 1 € w}
where p, ., is the basic clopen set {z € 2°*“ : z(a,n) = 1}. It is not difficult to calculate that
[Go = Gﬁﬂ = Anew(Pan € psn) = 0, since any open subset of 2°*“ contains some = and y such
that z(a, n) # y(5,n) for some n. Then one can cook up a name f such that VB |:“f is an injection
from k to P(w)”. Since B is ccc, all cardinals of V remain cardinals in V¥, so V2 =“k > the second
uncountable cardinal”.
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To estimate the size of P(w), we note that for any name u, if we define A, = {(n, [n € u]) : n € w},
then Ju C &) = [u = Ay]. So if we let W be the set of all functions from {n : n € w} to B and
Z =W x {1}, then VB |=“Z is the power set of &".

It remains to count the number of such functions, for which we first calculate the size of B.
Everything happens in V' until further notice. Since there are x many basic clopen sets and x many
finite Boolean combinations of them, the topology on 2% has a basis P of size k. Clearly P is a
dense subset of the poset B*. For any nonzero b € B, by Zorn’s lemma let A be an antichain that
is maximal among all antichains satisfying: (i) A C P, (ii) Vp € A p < b. Since B is ccc, A is
countable. Clearly \/ A < b, and we claim that \/ A = b; otherwise (\/ A)* A b # 0, so there exists
p € P such that p < (\V A)* Ab, and AU {p} satisfies the above requirements, contradicting the
choice of A.

Therefore any b € B can be written as \/ A for some countable A C P, so B < g¥. If k¥ =k
then B = k, and moreover the number of functions from {n : n € w} to B is k“ = k. Finally, let

f=Aop(&,x) :z e W} x {1}

where op(&, z) is the name for the ordered pair, and let g : K — W be a bijection in V. Similar to
the proof of choice, we have V2 |=“f o g is a surjection from % to Z = P(w)”. O

5 Translation to ctm

The Boolean-valued models VEOZ*) or VAO2") are enough to show the consistency of V # L
or =CH by the Boolean Soundness Theorem, but in practice it is somewhat more convenient to
work with actual transitive models. In this section we explain how to relativize everything we have
done so far to a countable transitive model M. We can then choose a generic filter G and form
either the generic extension M[G] or the quotient MZ /G, which turn out to be the same. We also
discuss some metamathematical issues surrounding the Boolean-valued model approach and the
ctm approach.

5.1 Absoluteness and relativization

Kunen [12, 1.16, I1.4].

5.2 Generic extension

In Sections 2 and 4 we worked exclusively in V', and showed the scheme that if B is a complete
Boolean algebra, then VB = ¢ for every ZFC axiom ¢. Now let M be a countable transitive model
of ZFC, which does not provably exist in ZFC, but we shall discuss this hypothesis later. Suppose
B € M and M | “B is a complete Boolean algebra”. Then B is also a Boolean algebra in V', but
most likely not complete. So let us extend the definition of Boolean-valued models as follows.

Definition 5.1. Suppose B is a Boolean algebra and [- = -] : M2 — B and [- € -] : M? — B are
functions. We call (M, [- =], [- € -]) a B-valued structure if it satisfies the same equality axioms
as in Definition 3.1, and moreover B has all the “relevant” suprema and infima, namely those that

appear in the recursive definition [Fzp(x)] = Vyerrle(w)] and [Vze ()] = Auerrle(w)].
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If we carry out the construction of Boolean-valued model inside M, we get a B-valued structure
(VEYM [ = JM [ € ]M). Recall that instead of defining V¥ by a hierarchy, we can also define
a B-name as a function from a set of B-names to B. This is absolute, as with many definitions
by transfinite recursion, so we have (V)M = VB N M, which we also denote by M?B. Then
(MB,[- = JM,[- € ]M) is a B-valued model of ZFC. This is a single statement in the language of
set theory instead of a scheme, since M P is a set-size Boolean-valued model unlike the case of V5.

Recall that a filter G on B is a set G C B such that:

e leGand 0¢GaG,
e aeGANa<b—beq,

e acGANbeG—aNnbed.

A set D C BT is dense if Ya € BY3b € D(b < a).

Definition 5.2. Let M, B be as above. A filter G on B is called (M, B)-generic if GN D # & for
every dense set D C BT such that D € M.

Sometimes we refer to G as M-generic or simply generic. In Section 1 we tried to motivate
genericity (for the special case of RO(“2)) using topology. We shall see that it also naturally pops
up when we try to show the generic extension M [G] satisfies ZFC.

Note that “D is a dense subset of BT” is a bounded formula and hence absolute. Since M is
countable, it contains only countably many dense sets, while V' usually contain continuum many.
We also note that if G is generic then it is an “M-complete ultrafilter”.

Lemma 5.3. If G is (M, B)-generic, then:

(i) it is an ultrafilter, i.e., b € G or b* € G for any b € B;
(ii) it is M-complete in the sense that if if X C G and X € M, then N X € G.

Moreover, a filter G is (M, B)-generic iff for any maximal antichain A C B such that A € M we
have GNA # @.

Proof. For (1), note that {a € BT : a < bV a < b*} is a dense set that belongs to M. For (2), first
note that the notion of infimum is absolute, and A X exists by the assumption that M =“B is
complete”. Now consider the set D ={a € BT :(Fbe€ X, aAb=0)V (a < A\ X)}, which belongs
to M; it is dense because if a A (A X) = 0 then a A (A X)* # 0, so a A b* # 0 for some b € X.

For the moreover part, use that if A is a maximal antichain then {b € B* :Ja € A, b < a} is
dense, and conversely any dense set contains a maximal antichain. O

Taking contrapositive of (2), we see that if \/ X € G and X € M then X NG # @.

The existence of generic filters follows from the countability of M and a simple diagonalization
argument resembling the Baire Category Theorem.

Lemma 5.4 (Rasiowa-Sikorski). Any b € B* is contained in an (M, B)-generic filter G.
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Proof. List the dense subsets of BT that are in M as D1, Do, ...Inductively define a decreasing
sequence (bg, by, ...) as follows. by = b, byy1 < b, and by41 € Dy41, which is possible by the
denseness of D, ;1. Let G be the upward closure of {bg, b1, ... }. O

Definition 5.5 (Generic extension). For u € M B define the interpretation of u with respect to G
recursively by ug = {zq : * € dom(u), u(z) € G}. Let M[G] = {ug : u € MP}.

The hard work we have done so far pays off to give a smooth proof of M[G]| = ZFC. The
following theorem is the counterpart of truth and definability lemmas in the ctm approach. It is the
same as Jech [9, Theorem 14.29].

Theorem 5.6. Suppose G is (M, B)-generic. For any formula @(x1,...,z,) and uy, ..., u, € M5,
MI[G] | o((ui)a, - - -, (un)a) iff [p(u, ... ua)] € G.

Proof. Needless to say we prove by induction on complexity of formulas, and start with the atomic
ones. This is yet another induction on the well-founded relation we used to define their truth values:

ug € vg <3Jy € dom(v)(ug = yg ANv(y) € G)
<Jy € dom(v)([u=y] € GAv(y) € G)
<3y € dom(v)(v(y) A Jlu=y] € G)
sluev] eG
where we use induction hypothesis for v = y at the third step, and at the last step we use that

the set X = {v(y) A [u = y] : y € dom(v)} belongs to M, since the Boolean values are defined
relativized to M, so X NG # & iff \V X € G. Similar arguments are used below.

ug Cvg & Vo € dom(u)u(z) € G — zg € vg]
& Vo € dom(u)[u(x) € G — [z € v] € G]
& Vo € dom(u)u(z) € GV [z € v] € G]
< Vo € dom(u)[u(z) = [z € v] € G
& /\ [u(z) =[x €v]] € G

z€dom(u)

u\x

It follows that ug = vg iff J[u = v] € G. The induction steps for propositional connectives ¢ A 1)
and —y are easy. For quantifier,

MIG] | Vap(x) & Yu € MP, M[G] = p(uc)
e VYue MB [pu)] € G
= A lpwlea

ueMB
& [Vap(x)] € G

5.3 Maximal principle, canonical names and cores

In this subsection we record some technical results that are needed for defining the quotient
MPB /G as well as later material such as iterated forcing. Let B be a complete Boolean algebra.
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Lemma 5.7 (Mixing lemma). If A = {a; : i € I} is an antichain and u; € VB, i € I, then there
exists u € VB such that [u = w;] > a; for every i.

Proof. Let dom(u) = ;e dom(u;) and w(x) = V,erlai A [z € wi]]. O

Lemma 5.8 (Maximal principle). For any formula ¢ = o(z,y1,...,yn) and vy, ..., v, € VB, there
exists u € VB such that [3wp(z,v1,...,v.)] = [o(u,v1,...,v0)].

Proof. For brevity suppress the variables besides z. Let b = [Fze(x)], and A = {a; : i € I} be
an antichain maximal below {[p(u)] : u € VB}; then \J A = b. For each a; pick a u; such that
[¢(ui)] > a;. Let u be their mix. O

Note that the maximal principle requires AC.

Call u,v € VB equivalent if [u = v] = 1. For later use we would like to choose a canonical
representative from each equivalence class. There are several ways for u # v and yet Ju = v] =1 to
happen:

e u(z) =0 for some = ¢ dom(v),
o [x=y] =1 for some x,y € dom(u),

o u(z) < [z € ul.

We shall see that if we make sure these don’t happen then we indeed get a representative.

Definition 5.9. Inductively define cV? = |, corq cV.E, the collection of canonical names, as follows.
Let cV? = @, at limit stage take union, and at successor stage let cVOﬁ_1 be the union of cV,?
together with the set of all partial functions u from c¢V.Z to B such that:

o [u=2]#1 for any x € cV,?;

o for any z € V.2, z € dom(u) iff [x € u] > 0, in which case u(x) = [z € u].

Clearly we have cV,2 C V.2 by induction; in particular [u = z] and [z € u] in the above
definition make sense. Our definition of canonical names is related to but a bit different from the
notion of “full names” in Kunen [12, Definition V.5.5], and also different from that of Cummings
[6, Definition 7.1].

Also note that the terminology clashes slightly with calling & the canonical name for x € V', and
G = {(b,b) : b € B} the canonical name for the generic filter, etc. From now on we shall try to call
these the “natural names”.

Lemma 5.10. For every u € VB, there exists a unique v’ € ¢V such that [u = '] = 1.

Proof. We show by induction on « that any u € V.2 is equivalent to a name in ¢V.®, and names
in ¢V.B are mutually non-equivalent. It suffices to show this at successor stage. Let dom(u’) =
{z € cVP [z cu] >0} and «/(z) = [z € u]. Using induction hypothesis it’s easy to show that
[u =] = 1. Either «' is already equivalent to some name in cV.2, or u’ € cVoﬁ_l, both of which
imply u is equivalent to some name in chil.

If u,v € VB \ ¢V, then [u = v] = 1 implies dom(u) = dom(v) and u(z) = v(x), and thus
U= . t
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In general {v € VB : [u € u] € 1} is a proper class; for example if [u = &] = b, [u = 0] = b* and
v = {(u,b*)}, then [v € 2] = 1. However, we will show that {v € ¢V P : v € u] = 1} is a set, called
the core of u, and that if u € ¢V B then its core is a subset of dom(u). An application of the mixing
lemma shows that u can more or less be identified with its core, provided that the core is nonempty.

Lemma 5.11. (i) If u,v € ¢V and [v € u] = 1 then v € dom(u). Thus for any u € VB,
Core(u) := {v € VB : [v € u] =1} is a set.

(ii) If [u # @] = 1, then for any w € VB, there exists v € Core(u) s.t. [w € u] = [w = v].

Proof. (i) Let o be the smallest s.t. dom(u) C cV.Z, and Y = Uzedom(u) dom(z). If v € VB is such

that [v € u] = 1, let v = {(y, [y € v]) : ¥y € Y}. It can be checked that [v = '] = 1 and v’ € VB, s0
the conventional name for v’ (equivalently for v) is in ¢V.2. In particular, if v € ¢V ? then v € cV.B,
and hence v € dom(u).

For the “thus” part, if v’ is the conventional name for u then Core(u) = Core(u’).

(ii) By maximal principle (which requires AC) Core(u) # @. Choose vy € Core(u). For any
w € VP, consider the antichain {[w € u],[w ¢ u]} and use the mixing lemma to get a name
vy such that v = w] > [w € u] and [v), = vo] > [w ¢ u]. It follows that [vj € u] = 1 and
[vy = w] = [w € u]. Let v be the conventional name for vy.

Note that v is of course not unique, but if we already have a vy, then there is also a canonical
choice of v since the proof of mixing lemma is constructive. This is somewhat relevant in the proof
of factor lemma for iterated forcing. O

A consequence of (ii) when we consider ctm is that ug = {vg : v € Core(u)} for any G. Note
that (ii) is analogous to maximal principle: by definition [w € u] = V,cdom(u) u(v) A [w = v]. If
u € cV B, then (ii) tells us the supremum is achieved by some v € dom(u), and moreover u(v) = 1.

The argument used to prove (ii) is quite common, so we isolate it as a lemma.

Lemma 5.12 (Existential completeness). If [Fzo(z)] =1 and w € VB, there exists v € VB such
that [e(v)] =1 and Je(w)] = [w = v].

Proof. Same as above, replacing « € u by ¢(x). O

5.4 Quotient and Boolean }Y.o$’s Theorem

We are going to use the quotient structure M /G and Boolean Lo$’s Theorem to give a different
(and longer) proof of Theorem 5.6. We will not need this material later, but it is related to the
fascinating topic of Boolean ultrapower [7], and thus deserve some attention in our opinion.

Suppose M is either V or a ctm, B is a complete Boolean algebra in M, and M¥ is the
corresponding Boolean-valued model. Let G be any ultrafilter on B.

Definition 5.13. Define u,v € M to be equivalent if [u = v] € G, and denote the equivalence class
of u by [u]. Let MP /G be the (ordinary) first order structure with underlying set {[u] : v € M P},
and the membership relation defined by [u] € [v] iff [u € v] € G.

That [u = v] € G is indeed an equivalence relation and the membership relation is well-defined
follow from the equality axioms satisfied by M? and properties of ultrafilter.
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In the case of VB, each equivalence class is in fact a proper class, so strictly speaking we need
to employ Scott’s trick and define [u] to be the set of names equivalent to u and of minimal rank.

Lemma 5.14. In the case M =V, the membership relation is set-like.

Proof. Fix v € VB; we want to show there are up to equivalence only set many v’s for which
[v € u] € G. By existential completeness, there exists ug such that [up # @] =1 and [u # @] =
Ju = up]. Note that [v € u] < [u # @], so if [v € u] € G then [Ju # @] = [u = ug] € G.

Thus replacing u by ug we may assume [u # ] = 1. We can then talk about Core(u). By
Lemma 5.11, for any v there exists w € Core(u) such that [v € u] = [v = w], so if [v € u] € G then
[v] = [w] for some w € Core(u). O

Theorem 5.15 (Boolean L.oé’s Theorem). MB/G = o([u1], ..., [un]) iff [p(u,...,u,)] € G

Proof. This is again an induction on ¢, and most cases are straightforward. Let us discuss the
induction step for universal quantifier. As usual we suppress the irrelevant names. If [Vzo(x)] € G,
then [¢(u)] € G for any u € M5, so by induction hypothesis we have M P /G |= ¢([u]) for any [u].

Now suppose [Vxp(z)] ¢ G, so [3x—p(x)] € G. By maximal principle, there exists u € M for
which [-¢(u)] = [3z—¢(x)] € G, and by induction hypothesis (applied to = rather than ¢, but
that’s fine) we have MP /G |= = ([u]). O

More generlly the Boolean ¥.0§’s Theorem holds for B-valued structures that satisfy the maximal
principle, also called fullness.

So far G is just any ultrafilter on B. In particular we can form VZ/G, which is a class-size first
order structure. The Boolean ultrapower Vg is the substructure of V5 /G consisting of those [u]
for which [u € V] € G, where [u € V] :=V ¢y [u = x]. It can be shown that Ve is an elementary
extension of V, and that V2/G is a forcing extension of Ve by B [7]. Thus in some sense we can
use forcing to literally extend V to a larger structure.

The drawback is that the structure VZ/G is always ill-founded unless B has atoms; if B is
atomic, then basically B = P(X) for some X, which reduces to the usual ultrapower construction.
On the other hand, if M is a ctm and G is generic then M? /G turns out to be well-founded, in fact
isomorphic to M[G]. This is yet another proof that genericity is a natural condition.

Theorem 5.16. Suppose M is a ctm, B is a complete Boolean algebra in M, and G is (M, B)-
generic. Then MPB /G is well-founded, and its transitive collapse is M[G].

Proof. In general a model of ZFC is well-founded iff its ordinals are, so it suffices to show the ordinals
of MB/G are well-founded. Suppose u € MP and [Ord(u)] € G. Since [Ord(w)] = Ve [u = &,
by M-completeness of G (cf. Lemma 5.3) we have Ju = &] € G for some a € M, and the result is
clear.

By definition, the collapsing map 7 on MB /G satisfies w([u]) = {7 ([v]) : [v] € [u]}. A routine
induction plus M-completeness of G show that 7([u]) = ug. O

Well-foundedness of M? /G is not equivalent to genericity of G: consider the case B = P(X)

and G is a o-complete ultrafilter. Bell [3, Theorem 4.6] shows that genericity is equivalent to the
statement that M7 /G and M have the same ordinals.
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5.5 Some metamathematical nonsense

Are the Boolean-valued model approach and the ctm approach equivalent? Of course not, at
least not literally. The former approach starts with the class model V' and produces a Boolean-valued
class model VB of ZFC, which can be upgraded to an ordinary (but ill-founded) class model VZ /G
if you wish; the latter approach starts with a ctm M of ZFC and produces a larger ctm M|[G].

In fact, it is not accurate to say that M or M[G] is a ctm of ZFC. It is really a ctm of "ZFC™"—we
have totally ignored the difference between what we call formal theory and coded theory. Let us fix
some terminology.

Formal theory refers to the theory we work in. For us this is usually ZFC. For others it could
be Z, ZF, ZFC plus large cardinals, or ETCS (elementary theory of category of sets).

After fixing a formal theory, say ZFC, we can start doing mathematics and prove theorems, such
as Cantor’s theorem, Bolzano—Weierstrass theorem, Fermat’s last theorem, etc. These are what we
call formal theorems. If we follow a Hilbert style deductive system, then a formal proof is a sequence
of formulas each of which is either a logical axiom, a ZFC axiom, or obtained from previous formulas
using one of the inference rules.

Of course, the everyday proofs that we write on paper or type in LaTeX do not follow such
strict grammatical rules, and are full of abbreviations and details left to readers, but in principle
they can be turned into formal proofs. As people who have worked with proof assistants like Lean
would know, this is not always a straightforward task.

Metatheory is what we use to study and compare various formal theories. Below are some
examples of metatheorems, in contrast with formal theorems.

1. The unique readability theorem, that any formula in any formal language can be read in an
unambiguous way.

2. Godel’s first incompleteness theorem, an instance of which is “if T is formal theory in the
language of set theory that is consistent, recursively enumerable and contains ZF, then there
is a formal statement ¢ such that 7" proves neither ¢ nor —p”.

3. The reflection theorem, that for any formula ¢(x) in the language of set theory, ZF proves the
formal theorem 3xVz(p(x) <+ p(z)").

4. The statement “L is a class model of ZFC”, or more precisely, for any ZFC axiom ¢, the formal
theory ZF proves ol.

5. The statement “ZF and ZFC + GCH are equiconsistent”, which is proven using the method of
inner model. Note that the proof is finitistic: we described an algorithm that transforms a
proof of ¢ from ZFC + GCH into a proof of o’ from ZF.

Different people might have different opinion on what “metatheory” is exactly, but it should
include finitistic reasoning such as natural numbers and induction that is needed for proving the
above metatheorems. My viewpoint is that metatheory is just common sense; essentially the
foundation of mathematics is common sense, since we need to take it for granted that everybody
understands natural numbers and induction the same way.

Coded theory, a non-standard term, is what we call the theories that are coded as natural
numbers or sets when we are doing model theory inside a formal theory like ZFC. We set up first
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order logic again, this time not using common sense but within the formal theory ZFC. We define
languages, formulas, theories, etc. as certain natural numbers or (usually hereditarily finite) sets,
except that to distinguish them from the formal counterparts we call them coded langauges, coded
formulas and coded theories. In particular, there is the coded version of the language of set theory
and the coded version of ZFC, usually denoted "ZFC™.

We can then happily do model theory and prove Godel’s completeness theorem, which is indeed
a theorem rather than metatheorem since it involves the notion of model, as well as ¥.o§’s theorem,
Tarski—Vaught criterion, Morley’s categoricity theorem, etc. We can also prove Godel’s second
incompleteness theorem, which is really a metatheorem, that if the formal theory ZFC is consistent
then it does not prove Con("ZFC™).

Back to forcing. One of the missions of set theory is to compare the consistency strength of
various theories, and to us it seems more natural to interpret “theories” as formal theories instead
of coded theories. Now in the Boolean-valued model approach, we use that V? is a Boolean-valued
class model of ZFC (which is a metatheorem) plus the Boolean Soundness Theorem 3.9 (also a
metatheorem) to conclude that if the formal theory ZFC is consistent, then so is the formal theory
ZFC 4 —CH. This is exactly what we need for relative consistency proof.

In contrast, what the ctm approach shows is a formal theorem of ZFC: if there exists a ctm of
TZFC™, then there also exists a ctm of "ZFC + —~CH™. This is a bit ad hoc and on its face not so
related to relative consistency proof. However, the ctm approach can be modified to provide an
honest consistency proof, as was already observed by Cohen.

In fact it is unnecessary to mention coded theories. Assume ZFC is consistent. To prove the
consistency of ZFC 4+ —~CH, it suffices to prove the consistency of I' + ~CH for any fintie fragment I’
of ZFC. If we go over the whole forcing construction very carefully, we see that it actually shows
that for any such I', there is a possibly larger fragment IV of ZFC such if M is a ctm such that the
relativization ™ holds for every ¢ in IV and G is generic, then p™I[C] holds for every ¢ in T'. By
reflection theorem, there is a cardinal x such that ¢"* holds for every ¢ in I''. Take a countable
elementary submodel of V,;, and let M be its transitive collapse. Then the forcing construction
together with soundness shows the consistency of I' + —~CH as desired.

So is the Boolean-valued model approach or the ctm approach more popular? The answer is
neither. In most research papers you will see people write “the generic extension V[G]”, as if we
literally step outside V, find a generic filter G and form a generic extension. It is left to the reader
to justify this using either the Boolean-valued model approach or the ctm approach. We will say a
bit more about this in Subsection 6.4.

6 Posets and maps between them

Although Boolean-valued model is intuitive and elegant, in practice posets are often more
convenient to work with. In this section we translate everything into the poset language.

6.1 Forcing posets

For a poset P, we want to define the class V' of P-names, as well as the forcing relation p I+
¢(o1,...,0,) for any p € P, formula ¢ in the language of set theory, and o1, ...,0, € VF. When we
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relativize everything to a ctm M, we will have (p I ¢(a1, ..., 0,))M iff M[G] = o((01)a, - -, (0n)a)
for all generic filters G on P that contain p, where the interpretation og is defined in the same
way as before. The forcing relation is defined inductively, similar to truth values in Boolean-valued
models. We have two options:

1. Develop poset forcing from scratch.

2. Take a Boolean completion ¢ : P — B, define a name translation map VF — VB, o — &,
and then define p I- (o) iff «(p) < [¢(c)]. We then get a recursive definition of p I- (o) by
unraveling what ¢(p) < [¢(0)] means.

The second option is not really much simpler than the first, but as a byproduct it shows that
poset forcing and Boolean-valued model are essentially equivalent, so we will go with the second
option.

Definition 6.1. A forcing poset, or just poset, is a triple (P, <,1p) where < is a reflexive and
transitive relation on P and 1p is a maximal element under <.

Having a distinguished maximal element 1p makes it a bit easier to define check names & and
iterated forcing, though it is not really essenial. Note that there could exist other maximal elements.
Also a poset may not be antisymmetric—we distinguish between “poset” and “partial order”.

In practice IP often consists of partial approximations to an object we want to add to the ground
model, and the order is defined so that p < ¢ when p is a larger piece of approximation. For this
reason, when p < g we often say “p extends ¢” or “p is stronger than ¢”.

Let us review some notions about posets. A Boolean algebra B is in particular a partial order
and has a unique maximal element. But it also has a minimal element, and as we will see a forcing
poset with a minimal element is uninteresting. So when we view a Boolean algebra B as a forcing
poset we always mean (BT, <); then notions like compatibility or antichain have the same meaning
for posets and Boolean algebras.

Let P be a poset. Unless otherwise stated, p, ¢, r, etc. range over elements of P, and A, D, etc.
range over subsets. We say that p,q € P are compatible, denoted p [ g, if there exists r such that
r < pand r < ¢; otherwise they are incompatible, denoted p L ¢q. A is an antichain if its elements are
pairwise incompatible; A is a maximal antichain if it is not contained in any strictly larger antichain.
D is dense if Vpaq € D ¢ < p. D is open if it is downward closed, namely p € D Aqg <p — q € D.
For X C P, let X| denote {p € P:3q € X, p < q}, which is clearly open; when X = {p} we just
write pl. X is predense if Vp3q € X (p L q); clearly this is equivalent to saying X | is dense. A dense
set is of course predense, and an antichain is predense iff it is maximal. If B is a complete Boolean
algebra, X C B™T is predense iff \/ £ = 1.

pis an atom if any ¢, < p are compatible; this happen for example when p is a minimal element.
P is trivial if 1p is an atom, in other words all elements are compatible. P is separative if for any p
and g, if p £ ¢ then there exists r < p such that r L q.

If P and Q are posets, their product is the poset with underlying set P x Q and distinguished
element (1p, 1gp), and the product order defined by (p,q) < (p/,¢) iff p <p’ and ¢ < ¢

A map i : P — Q between posets is a complete embedding if:
1. i(1p) = 1g,
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2. p1 <p2 —i(p1) <i(p2),
3. p1 L p2 < i(pr) Li(p2),

4. if A C P is a maximal antichain then so is f(A) C Q.

As explained below, this is consistent with our definition of complete embedding between Boolean
algebras in Section 2. Incidentally, 3 is in fact implied by 4 since if p; L pa, we can enlarge {p1,p2}
to a maximal antichain.

A typical example of complete embedding is i : P — P x Q, p — (p,1g); this example is
generalized by iterated forcing. We will see that if i : P — Q is a complete embedding, then roughly
speaking, forcing with Q “does more than” forcing with P. The converse is also true in some sense:
if forcing with Q always does more than P, then there exists a complete embedding i : P — Q. A
priori the notion of completeness is II; so may not be absolute. We will show later that in fact it is
A%F; however, this seldom matters in practice since it is often enough to know that i is a complete
embedding in the ground model.

A mapi: P — Qisa dense embedding if it satisfies 1-3 as in the definition of complete embedding
and ¢(P) is dense in Q. We will see that if 7 is a dense embedding then P and Q are exactly the
same for the purpose of forcing. Note that despite the name, neither a complete embedding nor a
dense embedding is required to be injective. We will see that any poset P densely embed into B™
for some complete Boolean algebra B, called its Boolean completion.

We list some simple and useful facts, which are also good exercises for getting used to posets.
Lemma 6.2. (i) A dense embedding i : P — Q is complete.

(ii) Ifi: P — Q is a dense embedding and D C Q is a dense open set, then the preimage i~ (D)
is dense in IP.

(iii) Condition 4 in the definition of a complete embedding i : P — Q can be replaced by the
following: the image of any dense set is predense; equivalently, the image of a predense set is
predense.

(iv) If i : P — Q is a complete embedding, so is the restriction i : p| — i(p){ for any p.

(v) If B and C are complete Boolean algebras, a map i : B — C is a complete embedding in the
Boolean algebra sense iff i(0g) = 0¢, i(BT) C C* and the restriction f : BT — Ct is a
complete embedding in the poset sense.

Proof. (i) If A C P is a maximal antichain, then Al is dense open, and i(AJ) is easily seen to be
dense and contained in i(A)], so i(A4) is maximal.

(ii) For any p there is ¢ € D such that ¢ < i(p). Let p; be such that i(p1) < ¢. In particular
i(p1) L i(p), so p1 L p, say p2 < p1,p. Then i(p2) < i(p2) so i(p2) € D by openness.

(iii) Suppose i is complete. If D C P is dense, consider {A C D : A is an antichain in P}; by
Zorn’s lemma it has a maximal element A. We claim that A must be a maximal antichain; otherwise
there exists p that is incompatible with everything in A, but there exists ¢ € D such that ¢ € p,
and AU {q} contradicts the maximality of A. We conclude that A and therefore i(A) is a maximal
antichain, and i(D) D i(A) is predense.
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Conversely, suppose the image of any dense set is predense. Then the image of a predense set X
is also predense, since i(X]) C i(X)]. Since an antichain is maximal iff it is predense, the result is
clear. This also establishes the “equivalently” part.

(iv) Let A be a maximal antichain in the subposet p|. Suppose for contradiction that i(A) is
not maximal in i(p)], so there exists r € P such that i(r) < i(p) and VYa € A(i(r) L i(a)), which
implies » /£ p and Va € A(r L a). Let s be a common extension of r,p, and AU {s} contradicts the
maximality of A.

(v) Recall that a complete embedding between complete Boolean algebras means i(\/ X) = \/ i(X),
and that this is equivalent to saying ¢ preserves maximal antichain, so the forward direction is clear.
For the backward direction, let by, ba € B. If X := {by A ba, b] Aba, b1 A b3, 0] A b} does not contain
Op then it is a maximal antichain, and so is Y := {i(b1 A b2), (b} A b2),i(b1 A b3),i(b] AD3)}. Since 4
preserves order we have, e.g., i(by A ba) < i(b1) Ai(b2), and the fact that Y is a maximal antichain
implies equality must hold. The case when X contains Op is similar, as with the preservation of
other operations. O

We turn to the Boolean completion of a poset and its uniqueness. The idea is to view P as a
topological space. Recall from Section 2 that whenever X is a topological space, the set RO(X) of
regular open subsets is a complete Boolean algebra. We then define a dense embedding from P to
RO(P) by sending p to (pl.)™°.

Recall that a subset of P is called open if it is downward closed. The collection of all open sets
is a topology; in fact it is closed under arbitrary intersection. Moreover, each point p € P has a
smallest open neighborhood, namely pl, so P is highly non-Hausdorff. A topological space with the
property that every point has a smallest open neighborhood is called Alexandroff.

It is not hard to see that (pl)” consists of all ¢ that are compatible with p, so (p))™° consists of
all ¢ such that any r < ¢ is compatible with p.

Lemma 6.3. Let P be a poset and B = RO(PP). The map from P to B* sending p to (pl)™° is a
dense embedding.

Proof. Clearly the map preserves maximal element and order and has dense image. To show that it
preserves incompatibility, note that:

(gd)° C (pl)°iff ¢ € (p))° iff any r < q is compatible with p,

so if (g))™ C (p1d)° and (gl)° C (p2d)°, then we can first choose a common extension r of ¢ and
p1, then a common extension s of r and p2, showing p; L po. O

Remark 6.4. (a) If P = B* for some complete Boolean algebra B, then RO(P) is isomorphic to B.

(b) A dense embedding of posets is not required to be injective. However, it is easily seen that
the Boolean completion map is injective when P is a separative partial order, which happens quite
often (but not always, iterated forcing being a counterexample). The converse does not hold.

(¢) The Boolean completion of the product poset PxQ is not RO(P) x RO(Q), but (the completion
of) the tensor product RO(P) ® RO(Q); an instructive example is RO(R) ® RO(R) ~ RO(R?).

Now we show that the Boolean completion is unique. For later use we prove a slightly more
general result.
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Lemma 6.5. (i) Suppose i: P — Q is a complete embedding between posets, and v : P — BT,
n:Q — C* are dense embeddings into complete Boolean algebras. Then there exists a unique
complete embedding f : B — C such that for=mnoi.

(ii) Supposei:P — Q is a dense embedding, and v : P — BT and n: P — C* are their Boolean
completions. Then B ~ C'. Taking i: P — P to be identity, this shows the Boolean completion
1S unique.

Proof. (i) Define f(b) = V{n(i(p)) : ¢«(p) < b}. It can be checked that ¢(p1) < v(p2) iff pal is
dense below pi, in which case i(p2)] is dense below i(p;) and thus n(i(p1)) < n(i(p2)). Thus
f(u(po)) = Vin(i(p)) : u(p) < v(po)} = n(i(po))-

Clearly f is order-preserving; it also preserves incompatibility since if by L ba, ¢(p1) < by and
t(p2) < by then p; L py. To show that it is a complete embedding, it suffices to show that if
A C BT is a maximal antichain then f(A) C Ct is maximal. It is not hard to see that :~1(A) C P
is predense; let A’ C 171(A)] be a maximal antichain. By assumption i(A4’) C Q is a maximal
antichain, and the same is true of n(i(A’)) € CT; on the other hand n(i(4")) = f(c(A’)) is below
f(A), and thus f(A) is also maximal.

A complete Boolean algebra embedding is determined by its values on a dense set, hence the
uniqueness.

(ii) By (i) there is a complete embedding f : B — C with dense image, which must be an
isomorphism. O

6.2 Poset forcing
Define the hierarchy V¥ inductively by:

[ ] ‘/O[PJ:®7

o V2., =P(VY xP) is the set of relations on V; x P,

[0}

. VP = Us<a VE if @ is a limit ordinal,
. VP = Uaeord Volzp'

There is a small discrepancy since a Boolean algebra B is in particular a poset, in which case
the above definition doesn’t coincide with the previous definition of V2. However, although we
will sometimes consider the case P = B, we will never consider P = B, so V? always denotes the
good old Boolean-valued model. Technically V2 is different from VB in that the former consists
of “hereditary functions” and the latter of “hereditary relations”, although they are essentially the
same, as we will see. We use Greek letters o, 7, o etc. to denote elements in VT,

We need to translate between P-names and B-names. For the forward direction, let ¢ : P — B
be the Boolean completion. We define a map ¢ : VF — VB ¢+ & (using the same letter as the
Boolean completion for convenience) recursively by:

dom(c) ={7:7 €dom(o)} and a&(x)=\V{(q) :3(r,q) €0 T=2x}

We can think of this as two steps: first replace each 7 € dom(o) by 7, and then for each x in the
new domain take the supremum on the second coordinate. The forcing relation is defined by:
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plEp(or, ... on) iff u(p) < [@(01,...,00)].
We wrtie p IFp ¢ when there is need to emphasize the dependence on poset. I ¢ is the same as
1p IF .

In texts such as Kunen [12] that use poset instead of Boolean algebra, the following is not a
theorem but rather the recursive definition of forcing relation.

Theorem 6.6. (i) plkrcoiff{geP:3(r,r) €0 q<rAqlkm=r7}1is dense below p;
(ii) plkm =0 iff V7 € dom(r) Udom(o)Vg < p gl- T €T <> qlF T € 0;

)

(iii) plFeAY iff plk o AplEa);
)
)

(iv) plF =@ iff Vg < p q I ¢;

(v) pl-Yop(z) iff Vo € VE p Ik p(0).

Proof. We prove by induction on complexity of formula and rank of name; for justification of this
induction see Remark 3.4. As usual, atomic formulas are the heart of the proof. We say that X C P
is dense below p if Vg < p3r € X (r < q); it is not necessary that X C pl.

(i)
plkmeoiff u(p) <7 €]
iff up) <\ [8(@) A [F = 2]]
r€dom

T RV VAN PN s

iff 1(p) < Ug) N [m=T]
(t.q)€0

iff (b€ BT :3(1,q) €0 b<1(q) ANb < [7=7]}is dense below «(p)
iff {reP:3(r,q) €0 u(r) <uq) Nu(r) <[m=T]} is dense below p
iff {reP:3(r,q) €cor<qgAur)<[r=7]} is dense below p

iff {reP:3(r,q) €0 r<qgArl-m=r}is dense below p

The fourth-to-last equivalence is because in a complete Boolean algebra, a < \/, b; iff for all
nonzero a’' < a, there exists some nonzero a” < a and some % such that a” < b;.

The third-to-last equivalence is because the set in the previous line is open; since ¢ is a dense
embedding, if D is dense open below ¢(p) then the preimage i~!(D) is dense below p.

The second-to-last equivalence is because ¢(r) < ¢(q) implies r [ q.

(ii) Recall that for a,b € B, a < b means the element (a = b) A (b = a).

plkm=0ciff u(p) < [7=07]
iff 1(p) < /\ [[x € 7] < [z € o]

z€dom(7)Udom(a)

iff Vo € dom(7) U dom(a), t(p) < [[z € 7] & [z € 7]
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iff V7 € dom(7) Udom(o), (p) <[[7 € 7] & [T € 7]]
iff V7 € dom(m) Udom(o)Vq < p t(q) < [T € 7] <> 1(q) < [T € 7]
iff V7 € dom(m) Udom(o)Vg<pglkTem < qlFT€0

The second-to-last equivalence is because a < b < ciff Vo' < a(d <b<+ d <c)iff {a' :d' <
b > a’ < c} is dense below a.
(iii) is clear.

(iv) Note that p IF =@ iff «(p) L [¢]. If t(p) L [¢], since ¢ is a dense embedding, there exists p’
such that ¢(p') < «(p) and ¢(p') < [p]. In particular ¢(p") L ¢(p), so p’ L p and there exists p” such
that p” < p and p” < p’; the latter implies ¢(p”) < [¢], namely p” IF .

We frequently use this in the following form: p Iff ¢ iff 3¢ < p g IF —p.

(v) The quantifier case follows from the fact that the map o — & is “essentially surjective”,
namely for any u € VB there is o € V¥ such that [u = ] = 1. Consider the subclass V.? C V' of
names that “hereditarily don’t take the value 0 ”; in other words we define a hierarchy (V.5), in the
same way as V.2 except that (V.P),4+1 consists of partial functions from (V), to B*. Clearly for
every u € VB there exists v’ € VB s.t. [u =] =1. We claim that for any u € V., there exists
u® € VP such that 4° = u. Just inductively let u® = {(2°,p) : x € dom(u) A ¢(p) < u(x)} and check
that it works. O

u +— u® is the other direction of name translation. It follows immediately from definition that
pIF o) iff «(p) < [p(w)].
We can now translate many results about Boolean-valued model to posets. They can be proven

either directly or indirectly using the Boolean counterparts and the name translation maps. We
start with the bounded quantification lemma, which will be frequently used in passing.

Lemma 6.7 (Bounded Quantification). If o € VF and p(x) is a formula with free variable x,
possibly with other parameters, then:

plkvVz o p(z) & V(o,s) € oVr <plr <s—rl-p(o)]

< Vo € dom(o)Vr <plrlko €o—rlk p(o)]

plE3z eo p(x) & {r:3(o,s) €olr <sArl-p(o)]} is dense below p
< {r:3Jo € dom(o)[r - o € o Arlke(o)]} is dense below p

In particular, when o = 9 for some y we have:

plEVz ey p(z) & Vo e ylp - ()]
plF3z ey p(z) & {r: 3z e yrlk p()]} is dense below p

Lemma 6.8 (Maximal principle). If p I- 3wp(z), then there exists o € VE such that p IF (o).
Proof. 1(p) < [Fzp(x)] = [¢(u)] for some u € VB, and thus for some u € VZ; then p Ik p(u°). O

Results about canonical names and cores can also be generalized to arbitrary posets.

40



Definition 6.9. Inductively define cV¥ = (J,co.q cVe, the collection of canonical names, as follows.
Let cVj = @, at limit stage take union, and at successor stage let ¢V 41 be the union of cVF
together with all ¢ C c¢V¥' x P such that:

. 1p|}‘7':aforany7‘€cV£>;
o forany 7 €cVl andp € P, (1,p) € o iff pl- T € 0.
Lemma 6.10. (i) 0+ & and u — u° are bijections between cVF and cV 5.

(ii) For every o € V¥ there is a unique 7 € V¥ such that 1p I- o = 7.

Proof. (i) Recall that u° = u for any u € Vf : clearly ¢V B C Vf, and this gives one direction. Next
we show ¢° = ¢ by induction on the rank of o.

o), u(p) < \{ulg) : 3(m,q) €0, T=T}}
<\A{uq):3(r.q) €0, 7 =7}}
<\Huq): (r,9) € 0}}

The third and fourth equalities follow from induction hypothesis. To see the fifth equality, we
claim that if «(p) < V{u(q) : (7,q) € o} then p IF 7 € 0. Otherwise there exists p’ < p such that
P |- 7 ¢ o, but «(p) must be compatible with one of those ¢(q), so p’ is compatible with some ¢ for
which (7,q) € o, leading to a contradiction.

(ii) Let u € cVB be the unique name such that [ = u] = 1, so that u° is as desired. To show
uniqueness, if 7,m € ¢VF, 1pIF 0 = 7 and 1p IF ¢ = 7 then 1p IF 7 = 7, so [ = 7] = 1, which
means 7 = 7w and finally 7 = 7. O

Lemma 6.11. (i) If 0,7 € ¢VF and 1p I 7 € o then 7 € dom(c). Thus for any o € V¥,
Core(o) :={r€cVF:1plk- T €0} is a set.

(i) If1p IF o # @, then for any m € V¥, there exists T € Core(o) such that q\F w € o iff ql- 7 =T
for any q.

Lemma 6.12 (Existential completeness). If 1p IF Jxp(x), and p I- p(o), then there exists 7 s.t.
lp Ik () and p I+ o = 7.

6.3 Translation to ctm

Just like we can do consistency proof with V? without the need of a ctm, we can also do
consistency proof with VF. Forget about all the Boolean algebra stuff. Imagine that we start from
scratch and take Theorem 6.6 as the definition of the forcing relation I, so we recursively define
what it means for p to force p(o1,...,04), and prove theorems analogous to Theorem 3.5 and
Theorem 3.9. Then we show that 1p IF ¢ for any ZFC axiom ¢, and that choosing an appropriate P
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we have 1p IF =CH. This is probably the least popular way of doing forcing, since it lacks both the
elegance of Boolean-valued model and the comfort of working with actual transitive models.

Our forcing relation is actually what texts like Kunen [12] call IF*. They reserve IF for the
following:

plF@(o1,...,0p) iff for any generic G that contains p, we have M[G] = ¢((d1)a, .- -, (on))-

Of course this depends on a fixed ctm M since this definition quantifies over all generic filters, a
priori it is far from being definable in M. Kunen then considers an auxiliary relation IF* (which
is our IF), relativize it to M and show that IF and (IF*)™ are equivalent, so for any particular ¢,
the relation p I (01, ...,0,) is a definable class in M. This is the Definability Lemma, which is
of course proven by induction on formulas, and to facilitate the induction one proves at the same
time the Truth Lemma, which says if G is generic and M[G] = ¢((o1)g, - .., (0n)) then G must
contain some p such that p IF ¢(o1,...,0,); in other words, anything true in M[G] is forced by
some condition.

Since we already did the hard work in the Boolean-valued model setting, the Truth and
Definability Lemmas come basically for free. We just need to show that we get the same generic
extension M[G] whether we use names in M* or MB. Let M be a ctm, P be a poset in M, and
MP = (VEYM = M N VP, An (M, P)-generic filter is a set G C P that is upward closed, downward
directed and meets all the dense subsets of P that are in M. Note that being a poset and being
a dense set are both A hence absolute. It is not hard to check that “dense” can equivalently be
replaced by dense open, predense, or maximal antichain.

Let ¢ : P — B be the Boolean completion of P in M, namely B = (RO(P))M; again B is not
complete in V, but it is in M, and all the previous definitions and results about complete Boolean
algebras work in M. For example, by definition (p IF ¢(c))™ iff «(p) < [¢(7)], where the Boolean
value [p(a)] is calculated by transfinite recursion in M.

We first show that (M, P)-generic filters and (M, B)-generic filters are in bijection with each
other. For later use we prove something slightly more general.

Lemma 6.13. (i) Suppose M = i:P — Q is a complete embedding. If H is (M,Q)-generic,
then G =i~ Y(H) is (M,P)-generic.

(ii) In case i is a dense embedding, then for any G that is (M,P)-generic, the filter on Q generated
by i(G) (namely the upward closure of i(G)) is (M, Q)-generic. Denote this filter by i.(G).
The operations G + i.(G) and H — i~Y(H) are inverse to each other.

Proof. (i) G is downward directed because for any p1,ps € G, {p: (p < p1Ap <p2)Vp L p1Vp L pa}
is a dense set in M. @ is generic because for any maximal antichain A C P such that A € M,
i(A) C Q is also maximal and in M.

(ii) i+(G) is generic because preimage of dense open set is dense.

It is clear that i!(i,(G)) 2 G and i.(i ' (H)) C H. To show equality, note that there cannot
be two generic filters G1 and Gg such that G; C Ga. O

For ¢ € MF, define o¢ recursively by o = {7 : 3(7,p) € 0, p € G}. Define the generic
extension by M[G] = {o¢ : 0 € MT}.

Theorem 6.14. Let M be a ctm, P € M be a poset and v : P — B be its Boolean completion in M.
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i) If G is (M,P)-generic and H is 1+(G), then for any o € MY, o = 7.
() f ( ) )g ( )7 f Yy e H

(ii) (Definability Lemma) (p IF o(o1,...,o.))™ iff M[G] = ¢©((01)g,- .., (0n)g) for all (M,P)-
generic G that contains p.

(iii) (Truth Lemma) If M|G] = ¢((o1)a,---,(on)a) then there exists p € G such that p |-
gO(Jl,...,O'n).

Proof. (i) Note that 6y refers to the interpretation of the B-name ¢ as defined in Subsection 5.2.
We prove this by induction on rank of names. Trivially we have o C {7¢ : 7 € dom(o)} and
og C {7y : 7 € dom(o)}, and by induction {7¢ : 7 € dom(o)} = {7y : 7 € dom(o)}. Now for any
7w € dom(o),

TH € OH
<3dn € dom(o) Ny =7y and () € H
)7 —WHaHd\/{ T,q) EcT=1n}E€H
0)3(7,q) €0 iy =7H andT:nandL(q)eH
J3(r,q) € 0 7 =i and u(q) A [ = 7] € H
<dn € dom(o)3(1,q) o T=nand viq) AN[T=7] € H
(q) A
(9)

&dn € dom(o

(
(
<3n € dom(
<3n € dom(o
(

e3I(rq)eo g N[T=7] e H

<3(1,q) €0 1(q) € H and Ty = Ty

<3(1,q) € 0 g € G and 7¢ = 7

=TE € 0@
where we used Theorem 5.6, the Boolean algebra version of this theorem, for the fourth equivalence
and the third-to-last equivalence; the second-to-last equivalence uses induction hypothesis.

(ii) It follows from (i) and the essential surjectivity of the map o — & that M[G] = M[H]. Using
everything we have proved,

MIG] | ¢loc) & M[H] = p(on) < [¢(@)] € He Ip e G up) < [p(@)] & Ip € G (plF ¢(0))
Therefore, if p IF p(0) then for any generic G 5 p we have M[G] = ¢(og). Conversely, if p I (o),
then ¢(p) L [-¢(0)], so there exists ¢ < p s.t. gl =p(o). Consider any generic G > q.

(iii) The set of p such that either p I+ p(o1,...,04,) or p Ik —p(o1,...,0,) is dense. O

Lemma 6.15 (Rasiowa—Sikorski). If M is a countable transitive model of ZFC and (P,<) € M is
a poset, then for any p € P, there exists an (M,P)-generic filter G containing p.

Proof. By the same diagonal argument as in Lemma 5.4. O

It is not necessary that M be countable; all we need is that M contains only countably many
dense sets of P. For example, if 0f exists, then any set definable in L without parameter is countable,
and if a poset is definable so is the collection of its dense subsets, so we can literally force over L
using any definable poset.

The above lemma can be generalized as follows. Say P is countably closed (any countable
decreasing sequence has a lower bound), then we can produce a G' that meets any N; many dense
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sets. Similar arguments are sometimes used to lift elementary embedding in the study of large
cardinals and forcing.

Below is the ctm version of the Existential Completeness Lemma 6.12, and is the one that is
often used in practice.

Lemma 6.16 (Existential completeness). If 1p I Jzp(z) and M[G] | ¢(og), then there exists w
s.t. Ip Ik @(m) and og = 7¢.

Proof. By the Truth Lemma there exists p € G such that p IF ¢(0). By Lemma 6.12 there exists 7
such that 1p I ¢(7) and p IF o = 7, which implies o = 7 by Definability Lemma. O

A useful consequence is that if 1p IF Jzp(z) and we want to show that M[G] | Va(¢(z) — ¥(x)),
it suffices to show that if 1p I- ¢(o) then 1p IF (o).

6.4 How people actually write forcing

There are at least 2 x 2 = 4 ways to present forcing: we can either use Boolean algebra or
use poset; we can either stick with VZ or VP, or relativize them a ctm M and form the generic
extension M[G]. We also mentioned earlier that nowadays nobody gives a [vulgarity] about these
logical details. Most people just use the notation V[G] freely, as if we are literally expanding V'
to a larger transitive class model V[G]. Whether to interpret the reasoning about V[G] using the
Boolean-valued model VZ or the ctm M|[G] is up to the reader, which can make it intimidating for
beginner. I hope these notes are an exception; if you think otherwise, please let me know how they
can be improved!

As an example, Theorem 4.7 would be written and proven in the following style:

Theorem. If P is ccc and G is (V,P)-generic, then every cardinal k in 'V remains a cardinal in
VI[G].

Proof. This is immediate if kK = w, so assume £ is uncountable and A < k. Suppose f € V[G] is a
function from A to k; we want to show that it is not surjective. Let f € V¥ be a name such that
fa = f. By the Truth Lemma, there exists p € G such that:

P H—“f is a function from \ to k",
or if we unravel the definition of a function,
plEYy e Az € i f(y) = .

Let us reason in V. Let Ag = {a < x: Ir < p[r IF f(3) = &]}. We claim that |Ag| < w. Indeed, for
each a € Ag let r, be such that r, IF f(B) = é&. Then {ro:a e Ag} is an antichain, since if had
s <7Tq, s <1y for distinct o, o/ then s |- f(B) = ¢vand s I f(B) = &, contradicting the definition
of a function. Thus |Ag| < w by the assumption that P is ccc.

Now take any o € £\ Ug<y Ag. We claim that p I Vy € A f(y) # ¢&, which would imply « is
not in the range of f by the Definability Lemma. By the Bounded Quantification Lemma 6.7, it
suffices to show p IF f(B) = ¢ for any 8 < A. If not, then by Theorem 6.6 there exists r < p such
that 7 I+ f (B) = ¢, but this contradicts out exact assumption. O
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One way to make the “generic extension” V[G] less weird is to work in a formal theory with a
unary predicate V in addition to the membership symbol €. The axioms are the usual ZFC axioms,
except that in separation and replacement schema the formula ¢ is allowed to contain the symbol
V. We also add an axiom that says, e.g., “the universe is a generic extension of the class model 1%
by the Cohen forcing”.

This theory can be shown to be consistent. Indeed it is true in V2 for B = RO(“2) if we define
the truth value of the predicate V' by

V()] = Vyey[u= 2].
Then it can be checked that, in addition to the equlity axioms about membership, we also have:
[u =] A[V(w)] < V(v),

and that in the proof of Theorem 3.8, that VZ satisfies ZFC, we may allow formulas in the expanded
language in separation and replacement schema. This is more or less the “naturalist account of
forcing” in [7].

Having a predicate for the ground model V allows us to reason about the relation between V
and V[G]. Incidentally, it turns out the ground model is always a class that is definable (with
parameters) in the generic extension, so it is automatic that we can reason about V in V[G], but
this is a quite non-trivial result due independently to Laver [13] and Woodin [17], fourty years after
the discovery of forcing.

Alternatively, one can work exclusively with ctm if they prefer. Of course, existence of ctm is
not provable in ZFC, but it follows from, e.g., the existence of an inaccessible cardinal (by downward
Loéwenheim—Skolem), which is a quite moderate large cardinal assumption compared to all the other
things set theorists today take for granted, like Woodin cardinals or supercompact cardinals. Or
one can use ctm of finite fragment of ZFC and carefully keep track of that throughout all arguments.
The ctm counterpart of the ground model predicate would be the statement that x N M € M[G] for
every x € M[G], which can be proven by cooking up a concrete name for x N M.

We make some remarks on notations. The above proof that ccc forcing preserves cardinals is not
exactly what you would see in papers—the actual proofs are much more concise, without mentioning
the Bounded Quantification or Definability Lemmas, and people tend to drop the checks on & for
x € V, especially when z is an ordinal. For more on this see Kunen [12, IV.6].

From now on, we will adopt the V[G] notation and gradually phase out the check names. We
will mostly work with posets, although Boolean algebra may resurface from time to time. As a
general rule of thumb, Boolean algebras are useful when we prove theorems about forcing, while
posets are useful when we prove theorems using forcing.

6.5 Induced generic

If i : P — Q is a complete embdding in M and H is (V,Q)-generic, then V[H] contains an
(V,P)-generic filter, namely i~*(H), so forcing with Q “does more” than with P. Actually it is
sufficient that p] completely embeds into Q for some p € P, since a p|-generic filter easily extends
to a P-generic one.

We shall show that the converse is also true, at least in the realm of complete Boolean algebras.
The idea is roughly this: suppose B and C are complete Boolean algebras, and V¢ = “there exists
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a (V, E)—generic filter”; by the maximal principle (which still holds with the ground model predicate
added), there is a C-name G such that VC k= “G is a (V, B)-generic filter”; then we shall see that the
map b +— [[l; € G]]C is complete; it’s not necessarily an embedding, but the kernel is some principal
ideal bol., so byl completely embeds into C.

7 :Q — P is called a projection if it is order preserving, w(lg) = 1p, and for any ¢ and p < 7 (q),
there exists ¢’ < ¢ such that 7(¢’) < p. The typical example is the projection of P x Q onto one
of its coordinate. Later we shall show that complete embedding, projection and two-step iterated
forcing are just different aspects of the same thing.

If i : P — Q is any map, G € P is called a reduct of ¢ if i(p) Lqg—p L G 7m:Q — P is called a
reduction if w(q) is a reduct of ¢. If ¢ is a reduct of ¢, then so is any strengthening of ¢, so a reduct
is not unique; however, in the case of complete Boolean algebra there is a canonical reduct.

Lemma 6.17. (i) If 7 : Q — P is a projection, and H is (V,Q)-generic, then m.(H) is (V,P)-
generic.

(ii) An order preserving map i : P — Q is a complete embedding iff any q has a reduct; note that
under AC this is the same as the existence a reduction w: Q — P. In particular the notion of
complete embedding is absolute.

(iii) If P is separative, i : P — Q is order and compatibility preserving, and 7 : Q — P is an order
preserving reduction satisfying m(lg) = 1p, then m is a projection.

(iv) Ifi: B — C is a complete embedding between complete Boolean algebras, then any ¢ € C has
a greatest reduct defined by w(c) = N{b € B :i(b) > c} .

Proof. (i) If 7 is a projection, then the preimage of a dense open set is dense. Order preservation is
needed to show that 7(H) is directed.

(ii) Suppose 7 : Q — P is a reduction, A C P is a maximal antichain and yet i(A) is not maximal
in Q. Then there exists ¢ € Q such that i(p) L ¢, and thus p L 7(q) for every p € A, a contradiction.

Suppose i : P — Q is a complete embedding. Fix g € Q, consider E = {p: i(p) L q} and let A
be an antichain maximal below E. Then i(A) is an antichain that is not maximal, since i(A) U {q}
is an antichain. Thus A is not maximal, and there exists ¢ s.t. ¢ L r for all r € A; it follows that
g L pforall pe FE, since if s < and s < p then AU {s} is an antichain below E.

(iii) Suppose p < 7(q), then in particular p £ 7(q), so there exists ¢’ witnessing i(p) £ q. We
claim that 7(¢’) < p. Otherwise, there exists r < w(¢') such that » L p, and thus i(r) L i(p). Since
¢ <i(p) we have i(r) L ¢, and by definition of reduction r L 7(q’), contradiction.

(iv) If ¢ is a reduct of ¢, and i(b) > ¢, then i(b*) L ¢, so b* L ¢ and b > ¢. It follows that ¢ < 7(c).
The proof that m(c) is a reduct is similar. O

By the completeness of i we have i(m(c)) = A{i(b) : i(b) > ¢} > ¢, so i(m(c)) > ¢ and 7(c) is
the smallest b € B such that i(b) > c. It is also easy to see that 7(i(b)) = b, and that 7 is order
preserving, so by (iii) it is a projection.

An illustrating example is i : RO(R) — RO(R?), U +— U x R, for which 7(V) is literally the
projection onto z-axis (followed by regularization).

Theorem 6.18. For complete Boolean algebras B and C', the following are equivalent:
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(i) VO k= there exists a (V, B)-generic filter.
(ii) There exists a complete embedding i : bl — C' for some b € B.

(iii) There exists a projection w: C' — bl for some b € B.

Proof. (iii)=(i) and (ii)=-(i) are essentially already proved, although we stated them in the ctm
language, namely M[H] always contains an (M, B)-generic filter.

(ii)=-(iii): As observed above, the canonical reduction map 7 : C' — b} is a projection.

(i)=(ii): By maximal principle there is a C-name G s.t. VC |= G is (V, B)-generic. We claim
that the map ¢ : B — C, b — [[ZV) € G]]C is a Boolean homomorphism and complete, namely it
preserves arbitrary join. First we present a somewhat non-rigorous argument. For example, let
a = by A by, and we want to show [b1 € G]€ A [by € G]€ = [@ € G]€. Note that because a Boolean
algebra is separative, two elements are equal iff they belong to exactly the same generic filters.
Now for any (V, C)-generic filter H, denoting G = Gy, we have [by € G]° A [by € G]° € H iff
by e GAby € Giffac Giff [a € G]° € H, so i preserves meet. Similarly, if a = Nier bi, since H
and G are V-complete ultrafiters, A,;[b; € G]¢ € Hiff Vie I [b; € G]° € Hiff Vie I b; € G iff
acGiff [a e G]¢ e H.

Now ¢ may not be injective, but if we let X = {b € B :i(b) = 0}, then i(\/ X) = Vi(X) =0, so
the kernel of i is the principal ideal generated by a :=\/ X, and 7 induces a complete embedding
from B/(al) ~ b| to C, where b = a*. It cannot be that a = 1p since i(1p) = 1¢.

Taken literally, the above proof is absurd since the generic filter existence lemma only works for
ctm, not the universe V. It can be made fully rigorous in two ways. First, by reflection theorem
there exists some V,, that contains all the relevant sets and satisfies as much ZFC as we want. Let
M <V, be a countable elementary submodel and 7 : M — M be the transitive collapse. The
above argument does show that in M there is a complete homomorphism from 7(B) to m(C), so by
elementarity there is in V,, (and thus in V') a complete homomorphism from B to C. Alternatlvely,
we can reason in V¢ as follows. Suppose a = by A by, so by absoluteness V¢ = 4 = = by A b;
since VC satisfies “G is (V, B) generic”, it also satisfies “@ € G iff by € G and by € G”, and thus
[b1 € G]€ A b € G]C = [a € G]°. O

6.6 Forcing equivalence

When are two complete Boolean algebras B and C' “equivalent” for the purpose of forcing? By the
above theorem there should exist complete embeddings in both directions. It seems reasonable to add
the requirement that they give rise to the same forcing extensions; this implies something stronger
than mere complete embeddings. As before, everything can be made fully rigorous by reasoning in
the Boolean world, but for simplicity let’s pretend we can literally form forcing extensions of V.

Theorem 6.19. For complete Boolean algebras B and C, the following are equivalent:

(i) For every (V,C)-generic filter H, V[H| contains a (V, B)-generic filter G such that V|G| =
V[H].

(ii) {ce C:3 e BT c| ~bl} is dense in CT.
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Proof. The backward direction is clear, so let us assume (i) and prove (ii). For any ¢ € C, consider
some (V, C)-generic filter H containing c. By assumption, V[H] contains a (V, B)-generic filter G
s.t. V[G] = V[H], or equivalently H € V[G], so there exists u € VP s.t. ug = H. By Truth Lemma
there exists a C-name G, some u € VB and some ¢y € H such that co IF¢“G is (V, B)—generic and
Uy = H”. We may assume ¢g < c. It suffices to show that ¢yl is isomorphic to some b].

Consider the map ¢ : B — cpd, b+ co A [[lV) € GJ€. As before this is a homomorphism between
complete Boolean algebras that preserves arbitrary joins, and thus is an embedding when restricted
to bol for some bg. We will be done if i is surjective, since then it is an isomorphism when restricted
to bol. Define j : col — bol, ¢+ by A [¢ € u]P. Tt is enough to show i(j(c)) = ¢ for any ¢ < co.

Again, this is easiest done by showing i(j(c)) € H iff ¢ € H for any (V,C)-generic filter
H that contains ¢y (since i(j(c)) < co and ¢ < ¢p). First notice that Gy = i~ *(H), because
ib)eHecyAN[beG]® € Hebe Gy. It follows that by € Gy, since i(by) = co.

Finally, denote b = j(c), then i(j(c)) € H < co A [beGl°eceHeheG°ecHobeGy o

bAlcculPeGrefteu]? eGyece u¢,, < ¢ € H. The last equivalence is due to the
assumption that ¢y € H and the definition of c¢g. O

For the Boolean completion ¢ : P — B, we already showed how to transform P-names to B-names
and vice versa. Now we generalize this to a complete embedding i : P — Q. Define a map from V¥ to
V@, still denoted i, inductively by i(c) = {(i(7),i(p)) : (7,p) € o}. We can make the same definition
for j : B — C a complete embedding of Boolean algebras. It is easily checked that o = i(0)gy
for any (V,P)-generic G and (V,Q)-generic H such that i !(H) = G. Moreover, if ¢ : P — B and
1 : Q — C are Boolean completions, then we have seen that there is a unique embedding j : B — C
such that j ot =mnoi. It can be checked that j ot = 1 o still holds when we view them as name
translation maps.

Lemma 6.20. (i) If j : B — C is a complete embedding between complete Boolean algebras

and o(x1,...,2,) is a Ay formula, then j([o(ut,...,un)]?) = [e((u1),...,j(u))]¢ for any
U, . .., up € VB,

(ii) If i : P — Q is a complete embedding between posets and p(x1,...,xy,) is a Ay formula, then
plE (o1, ...,on) iffi(p) Ik @(i(o1),...,i(on)). If “complete” is changed to “dense” then this holds
for arbitrary formula.

Proof. (i) For atomic formulas prove by induction on rank. The extension to A; formula is as usual.

(ii) Let ¢ : P — B and n : Q — C be Boolean completions. p I ¢(o) iff «(p) < [ (e(0))] iff
§p)) < Lell))] i n(i(p)) < [p(n(@))] i i(p) I @(i(e)). I i is dense then j : B — C is an
isomorphism, and thus j : VB — V¢ is an isomorphism of Boolean-valued models. O

Name translations will show up frequently when we discuss iterated forcing.

7 More examples of forcing

7.1 Higher Cohen forcing

We already showed the consistency of ~CH. Next we want to show the consistency of statements
such as 2% = Ry A 2% = N3, Let & be an infinite cardinal, |[I| > & and |.J| > 2; denote by Fn, (I, J)
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the collection of all partial functions p : I — J such that |p| < k, ordered by reverse inclusion, so
this is a partial order with maximal element @. As we will see, this poset isn’t very useful when £ is
singular, so usually it’s assumed to be regular. The special case Fn,(I,2) has RO(2!) as its Boolean
completion, and we used the latter to show the consistency of =CH. An important ingredient was
that delta system lemma implies RO(2") has ccc property and thus preserves all cardinals. To study
Fn,(I,J), we need a general delta system lemma.

Lemma 7.1. Suppose w < k < X\ are regular cardinals and (xq)a<x is a family of sets such that
|zo| < K, and moreover 6<% < X\ for any 6 < A\. Then there is an unbounded set A C X (hence of
size A) such that (xo)aca is a delta system.

Proof. The set E} = {a < X\ : cf(a) = k} is stationary. For any o € E) we have |z, Na| < &,
and thus sup(z, N a) < « since k is regular. By Fodor’s lemma there exists a stationary A C E,i‘
and some [ < A such that sup(z, Na) < f for all « € A. If supz,, a € A are bounded in A, say
bounded by 7, then since v<% < X and A is regular, A\ many of the z, are the same, which certainly
form a delta system. Otherwise, we can inductively pick a sequence («;);<) such that a; € A and
Q; > sup x,; for all j <i; then o, Nxo, C B for any ¢ < j < A. Since B<F < A, we can refine the
sequence so that x,, N 3 are the same for all <. O

For an uncountable cardinal k, we say that a poset P satisfies k-chain condition (k-cc) if any
antichain A C P has size strictly less than x; thus ccc is the same as wi-cc. For every poset P there
is a smallest cardinal s such that P is x-cc, and it can be shown that this x must be regular; put
another way, if x is singular and P has antichains of size arbitrarily large below k, then it has an
antichain of size . See Jech [9, Theorem 7.15] or Kunen [12, Exercise I11.3.94]. Jech only proves it
for complete Boolean algebras but the proof can be modified to also work for poset; alternatively,
use the fact that P is x-cc iff its Boolean completion B is.

Lemma 7.2. IfP is k-cc, and A > K is a reqular cardinal, then A\ remains a reqular cardinal in
VI[G]. It follows that forcing with P preserves all cardinals and cofinalities above Kk, i.e., if A > K is
a cardinal in V' then it remains a cardinal in V[G], and if cf(A) = 0 > k in V then the same is true

in V|G].

Proof. Suppose 7 < X and f : 7 — A belongs to V[G]. Let f € VP be such that f¢ = f. By Truth
Lemma there exists pg € G such that po IF*f is a map from 7 to A”. By Bounded Quantification
Lemma, for each o < 7, any p < pg has an extension ¢ such that ¢ decides f(«), namely ¢ I f () =p
for some 3 < X. Thus for each o < 7 the set Eq = {p < pp : 36 < A p I f(«) = B} is open dense
below pg; choose an antichain A, C F, that is maximal below pg; for each p € A, there is by
definition some 8 < A such that p IF f () = B, and we let B, be the set of all such § as p varies.
Note that A, and B, are in V. We have |B,| < |Aq| < & < A, s0 sup (Uyp<r Ba) < A by regularity
in V. Since pyg € G and A, is maximal below pg, we have f(«) € B, by construction, so the image
of f is bounded.

We have shown that every regular cardinal A > k remains regular in V[G]. Suppose u > & is
a singular cardinal with c¢f(u) = A > k in V; first note that p remains a cardinal in V[G] because
all regular cardinals large enough below p remain cardinals, and a limit of cardinals is a cardinal.
Next, it is still true in V[G] that cf(u) = cf()), and since A is regular in V', by the first paragraph
we have cf(u) = cf(A) = X in VI[G]. O

Lemma 7.3. Fn,(I,J) is (|[J|<%)"-cc for any infinite cardinal k. If k is reqular and |J| < 2<%
then Fn,(I,J) is (2<F)T-cc.
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Proof. Let = |J|<". Suppose (pa)a<,+ are conditions in Fn.(I,J), so |pa| < k. We will show
that there exists X C uT such that |X| = p* and p, £ pg for any a, 3 € X, and thus Fn, (I, J)
doesn’t have antichain of size . We may assume & is regular, since if it’s singular then there exists
a regular ¥’ < k such that 4+ many of those partial functions p, have size less than x'.

Since k is regular, using the induction formula for cardinal arithmetic it can be calculated that
u<" = u. Apply delta system lemma to k < p* and the collection (dom(ps) : @ < ™), we get
a subset X C u™ of size ut such that dom(p,) N dom(pg) = R for all different «, f € X, where
R C ut has size less than k. Since there are only |J|® < p* many functions from R to .J, by
refining X we may assume p, | R are all the same, and thus p, [t pg for a, 8 € X.

If  is regular, then by the induction formula (2<%)<F = 2<#, O

We have shown that Fn, (I, J) preserves all large enough cardinals. Now we show cardinals up
to k are also preserved. For an uncountable cardinal x, we say that a poset IP is k-closed if for any
A < k and any sequence of conditions (p;);<x such that p; < p; whenever i > j, there exists a lower
bound p, namely p < p; for all i < XA. By convention Rj-closed is often denoted o-closed. Note that
it doesn’t matter whether we let A range over ordinals or cardinals below «. Clearly if x is singular
and P is x-closed then it is actually ™ -closed.

Lemma 7.4. If k is uncountable reqular and P is k-closed, then for any A < k, any function
f A=V that is in V[G] is already in V. In particular, all cardinals X\ < k remain cardinals in
VIG] and have the same cofinality.

Proof. Working in V', we shall show that whenever f € VF and p € P are such that p IF“f is a
function with domain \”, there exists ¢ < p and some g : A — V such that ¢ I+ f = ¢g. This implies
that if p IF*f is a function with domain \” then D = {¢<p:3gqlF f= g} is dense below p, and
thus if G > p then G N D # @, which means fg = g for some g € V.

Define a decreasing sequence of conditions (p;);<y as follows. Let pg = p, and p;+1 < p; be some
condition that decides f(i), namely there exists z € V such that p;q IF f(i) = z. If i < X is a limit,
by assumption we may let p; be a lower bound of (p;)j<;. Then py forces f to equal the ground
model function g, defined by g(i) = the unique z such that py I f(i) = .

Consequently, any A < k that is regular in V' remains so in V[G], because there is no new
function from smaller cardinal to A. Also, if 4 < k and cf(p) = A in V then cf(pu) = cf(A\) = A in
VI[G]. O

It is pretty clear that Fn, (I, J) is k-closed as long as k is regular, so it preserves cardinals and
cofinalities up to x. If J = {0,1} and 2<% = k then Fn, (I, J) is T -cc, so it preserves cardinals and
cofinalities starting from ™, which means all cardinals and cofinalities are preserved. In particular,
if we start with V' = GCH and force with Fny, (X3, 2), then V[G] has the same cardinals as V. It also
has the same P(w), since the poset is o-closed so it doesn’t add w-sequences. A standard density
argument shows 2™ > N3 in V[G]. To show equality we need one more lemma, whose proof would
be a bit more elegant if we use Boolean completion.

Lemma 7.5. InV, suppose P is k-cc and p = (|P|<F)*. Then in V[G] we have |P(\)| < u.
Proof. Define a nice name for a subset of A to be a name of form J, {d} x A, where A, C P is

an antichain. It’s routine to count in V' that there are at most y many nice names. If p and & are
such that p IF“% is a subset of A”, choose for each @ < A an antichain A, that is maximal among

50



subsets of {p : plF a € &}. Let y = U,r{d} x Aq; then g is a nice name and it can be checked
that p IF & = ¢. Thus in V[G], any subset of A is the interpretation of some nice name. O

|Fn,(I,J)| = supy. [I|7 - |J|7 = (|I] - |J])<". Therefore, if V = GCH and we force with
Fny, (R3,2), then in V[G] we have 2% = 2%2 = X3 and 2% = R, for all other a.

7.2 Preserving and collapsing cardinals

In general, we say that a cardinal xk € V' is preserved in a forcing extension V[G] if V[G] E“k is
a cardinal”; otherwise it is collapsed.

Suppose k is regular. The poset Fn,(k X A, 2), also denoted Add(k, \), is called the forcing that
adds A many Cohen subsets of ; note that if A > k then Fn,(x x A, 2) ~ Fn,(A,2) and if A < &
then Fn,(k x A, 2) ~ Fng(k,2). This forcing preserves all cardinals (and cofinalities) as long as
2<% = k. On the other hand, the poset Fn,(k, ), also denoted Col(k, ), adds a surjection from &
to A by a simple density argment and thus collapses A if kK < A. In fact, all cardinals 8 such that
Kk < 6 < X become ordinals of cofinality «.

Col(k, A) is sometimes referred to as the Lévy collapse, but we reserve that name for the forcing
Col(k, < A) where A is an inaccessible cardinal. A condition in Col(k, < \) is a partial function
p: kX A — X such that p(«a, 5) < (; a density argument shows that if f = [JG then f(-,3) is a
surjection from k to 3, and thus all cardinals in the interval (k, \) are collapsed and have size k
in V[G]. On the other hand, the Delta System Lemma 7.1 and the inaccessibility of A show that
Col(k, < A) is A-cc, so A is preserved and is the new successor of &, in symbol A = (k1)V[¢]. Some
authors say “) is collapsed to k17, but this conflicts with our definition of collapse, so it might be
better to say “)\ is turned into x™”.

Lévy collapse is one of the most useful forcing posets in set theory. Solovay showed that if we do
the Lévy collapse Col(w, < \) and consider N = L(R), the class of all sets constructible from reals,
as defined in the generic extension, then N is a model of “ZF + DC+all subsets of R are Lebesgue
measurable” and much more; see e.g. Jech [9, Chapter 26].

After one works with forcing for a while, it is natural to ask: what are the possible patterns
of cardinal preservation in a forcing extension? Col(w,w;) collapses w; and preserves all other
cardinals. Similarly, if CH holds then Col(wy,w2) collapses we while preserving all other cardinals.
Is the assumption CH necessary? Or does ZFC prove the existence of a poset that collapses wo and
preserves everything else? A positive answer was provided by Abraham [1], but his method does
not seem to generalize to cardinals other than wy. Asperé [2] showed how to do this for ws; again
the method does not seem to address the case of wy.

As another example, it is a notorious open question whether NU‘J/ 1= N;/[G] is possible, or more

generally whether a successor of singular cardinal can become a successor of (uncountable) regular
cardinal. Note that Col(w,X,,) is N, 41-cc and achieves Nu‘f 1= N}/[G], but the naive generalization
Col(Ry, R,,) doesn’t work, because it is equivalent to Col(Xy, RX0) and thus collapses R, 1. To see
why, by definition Col(N;,N,) = Fny, (N1,R,,) >~ Fny, (X1 x Ng,N,,); a countable partial function
from ®; to RN can be viewed as a countable partial function from R; x Xy to R, via currying, which
gives an embedding of Col(Ry, Nﬁo) into Fny, (X1 x g, N,,); it’s not hard to see that this embedding
is dense.

A singular cardinal in V' either stays singular in V[G] or is collapsed, and a successor cardinal
either remains a successor or is collapsed. Can a regular cardinal x become a singular cardinal? Note

51



that k must be a limit cardinal in V', and hence an inaccessible. As we are going to explain next, the
naive way to singularize x doesn’t work, and an affirmative answer turns out to require a measurable
cardinal. It is tempting to consider the poset [P of all finite increasing sequences of ordinals below
k. Unfortunately this collapses tons of things. Say the generic sequence is (a, : n < w), then for
any a < K, by a density argument there exists n such that «, is of form 8 + a, where § > « is
some indecomposable ordinal (so that each n corresponds to at most one «), so in the extension
there is a surjection from w to k. We may try to modify the poset by only considering sequences of
indecomposable ordinals, or even cardinals, but then the same issue occurs: by density, for every
a < K there exists n for which «,, = Ng,, where 8 > « is indecomposable. So maybe we want
the sequence to eventually consist of limit cardinals, and also cardinals that are fixed points of X
function, cardinals that are fixed points of fixed points, etc.

Consider the forcing consisting of conditions (s, C') where s is a finite increasing sequence of
ordinals below x and C belongs to the club filter; to extend (s, (') we are allowed to extend s using
finitely many elements from C' and also shrinking C'; this is starting to look similar to Prikry forcing.
However this still doesn’t work, because for every regular cardinal ¢ < k and every club C, there are
many ordinals in C' of cofinality ¢, so by density o, — cf" (ay,) surjects onto V-regular cardinals
below k. To fix this we would want the sequence to eventually consist of regular cardinals, which
suggests k£ should be Mahlo. Continuing this line of thought, we are eventually led to the standard
Prikry forcing. It is a forcing that requires a measurble cardinal k, turns the cofinality of x into w
and preserves all cardinals (including ).

The Singular Cardinal Hypothesis says if x is a strong limit cardinal then 2% = k™. We have
seen how Add(k, \) can be used to show that the Generalized Continuum Hypothesis fails at a
regular cardinal k; we also mentioned that Fn, (7, J) for singular x isn’t very useful. For example,
consider the poset that “adds a Cohen subset of N,,”, namely Fny (R, 2). We claim that it collapses
R,. We may equivalently consider Fny  (X,2) where X =[], R,, X N,,, so the forcing adds a subset
G, of X, x N, for each n; by a density argument, for each o < R, there exists n such that G,
is up to a small difference just a line X,, x {a}; this defines a surjection from w to RXY. By a
so-called “absorption theorem”, this shows Fny_ (X, 2) is actually equivalent to Col(w, R,,); see Jech
[9, Lemma 26.7].

This shows the naive way to force “X,, is a strong limit and 2% > X, ;” (namely the failure of
SCH at XN,,) doesn’t work. In fact, forcing =SCH requires a measurable cardinal of Mitchell order
xTT—something quite a bit stronger than a mere measurable. We outline how to get the consistency
of =SCH. First we need to get a measurable x satisfying 2% = k™ ; this is easiest done by starting
with a k that is supercompact, and then use the Silver’s method of Easton iteration to blow up 2%
in a way that x remains at least measurable. Then we use Prikry forcing to change the cofinality of
K to w while preserving all cardinals, thus obtaining —=SCH at x; to bring this down to Y, requires
“Prikry forcing interleaved with collapse”.

8 Iteration

This section currently does not contain any application of iterated forcing. I just wrote it to
make sure I understand the details of factor lemma, which roughly says if 8 < «, then a length «
iteration can be viewed as a length f iteration followed by a length oo — g iteration.

We mostly stick to posets. For the presentation using Boolean algebra and how it can help in
the study of semiproper iteration, see [15,16].
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8.1 Two-step iteration

If we can force once we can force any finitely many times. For example, to show the consistency
of 2% = Ny A 28 = N3, we start with a ground model V that satisfies GCH, force with Add(Ry, X3)
so that in V[G] we have 2% = Ry A 2%t = X3, and then over V[G] we force with Add(Rg, X2). Note
that we cannot do Add(Rg, Ng) first, since then CH fails in the extension and Add(RX;, N3) would
collapse cardinal. Similarly, to get 280 = Ry A 281 = N3 A 282 = Ry we first add Cohen subsets to No,
then ¥; and finally Ng.

However, it is not clear how to do this infinitely many times, in order to, e.g., violate GCH at all
N,,. Suppose we do it in the ctm approach, so we force over M,, to get M,,1; the union |J,, M,, is
most often not a model of power set axiom. If we use the Boolean-valued model approach, it is not
even clear what “union” should mean.

The key is to combine two steps into one: if G is (V,P)-generic, Q is a forcing poset in V[G]
and H is (V[G],Q)-generic, we will find a poset R € V and a (V,R)-generic filter K such that
V[K] = VI[G][H]. If we can combine two-step iteration into one, it is not hard to do it for finitely
many steps. Now at limit stage, instead of taking the limit of models, we take the limit of posets.

The simplest case of iteration is when Q in fact belongs to V, in which case we are dealing
with a product P x Q. It is easy to show that a filter K on P x Q is the same as a product of
filters G x H. Using the complete embedding i : P — P x Q, p — (p,1qg), or alternatively the
projection m: P x Q — P, (p,q) — p, we see that if K is generic over M then so is G, similarly
for H. But the converse doesn’t hold: G and H being generic over V' doesn’t imply that G x H
is generic. For example, G x G is almost never generic, essentially for the same reason that the
diagonal D = {(z,y) € R? : z = y} is nowhere dense. It turns out we need H to be generic over
VI[G].

Lemma 8.1 (Factor lemma for product). K = G x H is (V,P x Q)-generic iff G is (V,P)-generic
and H is (V[G],Q)-generic.

Proof. Suppose G x H is P x Q generic over V. That G is (V,P)-generic is immediate since P
completely embeds into P x Q. Suppose D C Q is a dense set in V|[G]; we want to show that
H N D # @. Note that:
HND# @< 3ge H(ge D)
= 3geHIpeGplkqe D)
< 3(p,g) EGXH (pg €E
So it suffices to show that E is dense below (po,1). By Truth Lemma there exists po € G such that
po IF“D is a dense set in Q”. Let E = {(p,q) : plF ¢ € D}. Note that:
po IF D is dense in Q
& polF Ve3¢ < q(d € D)
Vg polk 3¢ < q(qd € D)
& Vgvp < podp’ <p3d <q(p' Ik ¢ € D)
& E is dense below (po, 1)

where for example, Vq abbreviates Vg € QQ, to which we apply the Bounded Quantification Lemma.
Thus HN D # @, and H is (V[G], Q)-generic.
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Conversely suppose G is (V,Q)-generic and H is (V[G], Q)-generic, and £ C P x Q is a dense
set in M.

(GxH)NE#gY
< dge HIpe G,(p,q) € E
< {¢:3IpeqG, (pq) € E}is dense in Q
Ve3¢ <¢p e (pqd)eE
S VeIpe G <q,(p.d) €E
<Vq{p:3¢d <q,(p,¢) € E} is dense in P
S Vovpp' <p3d <q,(v',d) € E

So G x H is generic. O

When both P and Q are Cohen forcing, this is related to the Kuratowski—Ulam theorem. We
remark that once we understand product of two posets we understand arbitrary product, and this is
enough to get any desired power function on the N,,’s, or even on all regular cardinals. This is the
famous Easton’s Theorem; see Kunen [12, V.2]. As mentioned earlier, the situation for singular
cardinals is much more subtle.

A simple example of two step iteration that is not a product is when Q € V[G] is a subset of
some (Qp, <) € V with the induced order. Let Q be such that Qg = Q. A reasonable guess of the
iteration poset is P Q := {(p,q) ePxQp:plFqce Q}, ordered as a subposet of the product poset.
This turns out to work, and it inspires the general definition of iterated forcing.

Definition 8.2. Suppose Q, éQ, and iQ are three P-names such that 1p IF“Q equipped with éQ is
a poset with maximal element 1g”. Then the poset P * Q has underlying set:

{(p,q) € P x dom(@) :plkqe€ Q},

and the order is defined by:

(p1,d1) < (p2,42) iff p1 < po and py I+ ¢1<gde.

To be unambiguous we should write, e.g., (p1,q1) <p«0 (p2,G2) iff p1 <p p2 and p; IFp ¢1 éQq'g,
but we try to stick with the convention that p range over elements of P and ¢ ranges over names for
elements of Q, so hopefully the intended order is clear from context.

It can be checked that P * Q is indeed a poset (usually not a partial order) with maximal
element (1p, 1g). It’s natural that if p; < po then we should have (p1,¢) < (p2,q), and if p I ¢1<gde
we should have (p,¢1) < (p,q2), which lead to the above definition of the order. The map
p — (p,1g) is a complete embedding of P into P x Q, and (p,§) — p is a projection; we will see
that complete embedding, projection and two-step iteration are essentially the same thing. The set
{(p,d) : W[p <P A4, p) € Ql} is dense in P * Q, which is sometimes useful.

Lemma 8.3 (Factor lemma for two-step iteration). (i) If K is (V,P * Q) -generic, and G is the
(V,IP)-generic filter induced by K, then H :={{c : 3p (p,q) € K} is (V[G], Qq)-generic.

(i) If G is (V,P)-generic and H is (V[G],Qq)-generic, then K = G H := {(p,q) € P+ Q:p €

GAqg € H} is (V,PxQ)-generic. It follows that we have K = G x H in ().
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Proof. (i) H is a filter because if (p1,q1) and (p2,2) are in K, then there exists (ps3,g3) € K s.t.
p3 < p1, p3 < p2, p3 Ik 43 < 1 and p3 b g3 < go; since p3 € G we have (¢3)¢ < (¢1)¢ and
(¢3)c < (¢2)g- Upward closure is similar.

Suppose py € G forces that D is dense in Q.
HNDg+# @ < 3(p,4) € K o € Dg

e3Ap,g)eKIP,)eKpl-qgeD
s 3p,g) e KplkgeD

so it suffices to show that E = {(p,¢) : p IF ¢ € D} is dense below (po, 1).

po Ik D is dense
@pOH—VqGQEIq’EQq’<q/\q’GD
@qudom( )Vp<p0,pll—q€Q—>pH—E|q eQ¢d<ingdeD

&V(p,q) < (po,1) pl- 3¢ €Q ¢ <q/\q €D

=Y(p,q) < (po, 1) {p': 3¢ € dom(Q)[p' I+ ¢ € QAP I+ ¢ < GA G € D} is dense below p
&Y(p, ) < (po, )Vr < p3p’ < r3§ € dom(Q)[p' IF¢ e QAP IF{ < GA{ € D]

@W(p, (po, )Vr<p3(p q) (7“ Q)P qu €D

&F is dense below (po, ]l)

(ii) Let E C P % Q be a dense open set.

(G«sHYNE#gY
<{qc : ElpEG(p, ) € E} is dense in Qg
Bpo € G polF Go € Q = 3p € G3j € dom(Q) do < (do)a A (p,4) € E]
[Bpo € G po k- do € Q = 3p € G € dom(Q) p Ik ¢ < Go A (p, §) € E]
{p:[pIFdo ¢ Q] V[3¢edom(Q) pl ¢ <dgoA (p,g) € E]} is dense in P
&YYo € dom(Q)¥po po IF do € Q — Ip3g € dom(Q)[p < po Ap - ¢ < o A (p,§) € E]

©V(po, do)3(p, ) < (po,do) (p,q) € E
< F is dense

&Y € dom(Q
&Yy € dom(Q
<=V € dom(@

)
)
)
)VD

so G x H is generic. In (i) it can be checked that K O G« H, and since they are both generic they
are equal. O

8.2 Two-step iteration, again

The above definition of iteration is as in Kunen [12]. Although it’s quite natural, the requirement
plF g € Q in the definition of P % Q makes the proof quite messy compared to the case of product.
More problematic is the restriction ¢ € dom((@); this works well for finite iteration or more generally
finite support iteration (which is enough for showing consistency of Martin’s Axiom), but is badly
behaved in general. Roughly speaking, under the “correct” definition, a countable support iteration
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of countably closed forcings is again countably closed, but under Kunen’s definition there exist
counterexamples; see Kunen [12, Example V.5.4].

Jech defines the two-step iteration as P * Q := {(p,q) :pePAIplFqe Q} This is a terrible
definition since it defines a proper class, but we can remedy this by using core. Note that in the
definition of two-step iteration we require 1p I+ i@ € Q, which in particular means 1p IF Q # &, so

Core(Q) # @ by Lemma 6.11.

We are going to give a new definition of P x Q, so to avoid ambiguity, from now on we refer to
the poset in Definition 8.2 by P *xx Q.

Definition 8.4. With the same assumptions as Definition 8.2, P x Q is the poset with underlying

set P x Core(Q) and the same order as before.

It can be checkd that the factor lemma still holds. Moreover our new definition is equivalent
to the previous one: by Existential Completeness Lemma 6.12, if p IF ¢ € Q then there exists

z € Core(Q) s.t. plF ¢ = &. Define a map (p,q4) — (p,&); it can be checked that this is a dense
embedding from P xx Q to P x Q.

8.3 General iteration

We can then define three step iteration (P Q) + R, where Q is a P-name for a poset and R is a
P * Q-name, and then (P % Q) * R) S, etc. If we have a sequence Py, Qp, Q1, Qz... where Q,, is
a P,-name for a poset, P, = Py x Qg * - * Qp_1 (left associative), then there is both a complete
embedding from P, to P, and a projection from P, to P,. At the w-th stage we can either
form the direct limit of the complete embeddings, or the inverse limit of the projections; the direct
limit is called finite support iteration, and the inverse limit is called full support iteration, which in
this case is the same as countable support iteration.

To avoid handling ugly expressions like (((p, ¢), ), $), we replace them by tuples (p, ¢, 7, $). Thus
a general transfinite iteration is defined as follows.

Definition 8.5. An a-stage iterated forcing consists of two sequences ((Pg, <¢, l¢) 1€ < a) and
((Qg, ﬁ(@g, i(@s) : € < «) such that:
1. P¢ is a set of sequences of length &, and (IP¢, <¢, 1¢) is a poset with maximal element 1¢; in
particular Py = {@} and 1 = @.
2. Qg, éQg, and iQ& are Pe-names such that I-p, “Qg equipped with ﬁ(@& is a poset with maximal
element 1@5 7, and ng € Core(Qy).
3. A sequence p of length £ + 1 belongs to Pe; iff p[§ € Pe and p(§) € Core(Qg).
The order <¢y; is defined by p1 <¢y1 pa iff p11€ <¢ p2[€ and p1 € IFp, p1(€)<gp2(§)-
4. If v < av is a limit, then P is a subset of {p : dom(p) = v AVE < v[p[§ € P¢]}. If equality

holds, we say the iteration takes inverse limit at ~.

(a) P, must also contain the set {p : dom(p) = yAIE < y[pl€ € PeAVE < < v p(n) = 1g,]}-
If equality holds, we say the iteration takes direct limit at ~.

(b) We further require that if p € P, { < v and p; is a sequence of length ~ such that
p11€ € Pe, p11€ <¢ pI€ and p1[(y\ &) = pl(v\ §), then p1 € Ps.
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The order < is defined by p; <, p2 iff p1[§ <¢ p2[§ for all £ <.

5. It follows by induction that the sequence (i@7 :m < &) is in P¢ and is a maximal element. We
require that 1¢ is equal to this element.

Note that P¢; is isomorphic to P¢ * Qg via the map p~¢ — (p, ¢). The clause 4(b) ensures the
restriction map from P, to P¢ is a projection, and the map from P¢ to P, defined by concatenating
p € Pe with iQn’ ¢ < n <~ is a complete embedding; by induction this is true for all -, not just
limits.

For brevity we often simply write, e.g., (Qg : £ < «) instead of ((Qg, ﬁ@é, ng) : ¢ < a). The
iteration is completely determined by ((Qg, é@s’ ng) : & < a) and what happens at limit stages.

If G = Gq is (V,Pq)-generic, then it induces a G¢ that is (V,P¢)-generic, and G4 induces an
He that is (V[Ge], (Q¢)c, )-generic. This is enough for many applications of iterated forcing.

A natural question is whether x is associative, i.e., whether (IP % Q) + R is the same as P (Q ]R)
It is not immediately clear what Q % R even means. Essentially we need to prove a factor lemma for
general iteration, namely for any 3 < «, P, can be viewed as the iteration Pg followed by another
iteration of length aw — 8 (the unique ordinal vy s.t. 8+ v = «). Here is the plan: first we show that
for any complete embedding i : P — R between posets, there is a P-name Q for a poset so that R is
equivalent to P Q; so complete embedding and iteration are actually the same thing. In particular,
if P, is an iterated forcing and 8 < «, the complete embedding Pg — P, induces an equivalence
between P, and some Pg * Rﬁa, where Rga is thought of as the “remainder”. Then we show that
R3q can be viewed as an iteration in V[Gg].

8.4 Two-step iteration, yet again

We wish to motivate this using Boolean-valued model, so let us digress for a moment and redo
the basic two step iteration using V. This part will not be needed for the factor lemma.

Suppose B is a complete Boolean algebra and V2 |:“C is a complete Boolean algebra”. Let
D = Core(C). Then D is naturally endowed with a Boolean algebra structure. For example, if
di,do € D then VP |= 3d(d € C and d=d; V¢ dz), so by maximal principle and properties of core,
there exists a unique d € D for which VP Ed=d V¢ da2, which we define as d; V dz. Also it can

be checked that dy < do iff VB Ed; <¢ do2. This Boolean algebra D is complete, since if X C D
then VB |=3d(d € C and d = V© X), where X = {(d,1) :d € X}.

Let us write D = B #, C to distinguish this from the poset iteration. We want to show that
they are somehow the same. Firstly, there is a complete embedding i : B — D defined as follows:
let 0,1 € D be the minimal and maximal element of D respectively; for b € B, let u; be a B-name
such that [uy = i] = b and [upy = 0] = b* (using the mixing lemma); observe that [u, € C] = 1, so
uyp is equivalent to some unique element of D, which is defined as i(b).

Now what is the name for the positive part of C? It is not D\ {0}. It can be shown that
bl d # 0 iff b is a reduct of d w.r.t. the complete embedding 4. Thus a natural name for the positive
part of C is Ct := {(d,b) € D x B* : bis a reduct of d}. Then the Kunen iteration B* sz C*
contains {(b,d) € B x D : b is a reduct of d} as a dense subset, and is ordered by (b1,d1) < (b2, d2)
iff by < by and by Ik dy < do. The map from B * Ct to 'DJr that sends (b,d) to i(b) A d is a dense
embedding. This shows the Boolean iteration D = B *;, C is equivalent to the poset iteration.
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Conversely, if ¢ : B — D is a complete embedding between complete Boolean algebras, then we
shall show that there exists a B-name C' such that VB =4C is a complete Boolean algebra” and
D ~ B, C. If G is (V, B)-generic, then i(G) generates a filter on D in V[G].

Lemma 8.6. The quotient Boolean algebra D/i(G) defined in V|G| is complete. Equivalently, in
the preorder <¢ defined on D by dy < dy iff di ANi(b) < da Ai(b) for some b€ G, any X C D has a
supremum.

Proof. This is Jech [9, Exercise 16.4]; we write down full details mainly for practice. As a warm up
let’s show if X € M then it has a supremum. We claim that e = \/” X is the supremum. If f is
an upper bound of X, then for any d € X there exists b € G such that d A f* Ai(b) = 0. Recall
the reduction map 7 : D — B defined by 7(d) = A{b € B :i(b) > d}; it has the property that m(d)
is the smallest b s.t. i(b) > d; thus 7(V;d;) = V; 7(d;). Since d A f* L i(b) = 0, by definition of =
we have m(d A f*) L b, namely w(d A f*)* € G. By V-completeness of G, A\jex m(d A f*)* € G, so
m(eN f*) e G, m(e A f*) L b for some b € G, and im(e A f*) L i(b) = 0. Since im(e A f*) > e A f*
we have e A f* L i(b) =0,s0 e <¢g f.

In general, if [XCD]=1,inV let e=V{dAi([d € X]) : d € D}. Suppose f is an upper
bound of X¢. For every d € D, if [d € X] € G then d <g 'f, which by the same argument as
above implies 7(d A f*)* € G. Thus for arbitrary d € D, [d € X]*V w(d A f*)*. By V-completeness

we have G > Ayeplld € X]* vV w(d A f*)*] = [\/deD[[d € X] /\Tr(dAf*)] , so there exists b € G

st. b L Vyepld € X]Am(dA f*), and therefore i(b) L \/yepi([d € X]) Ad A f*, ori(b) LeA f*,
recalling that ¢ is a complete embedding, and also im(d) > d. It follows that e < f, thus finishing
the proof that D/i(G) is a complete Boolean algebra. O

Now we actually need a B-name for the Boolean algebra D/i(G), but it’s a bit tedious to write
down directly so we omit it. Instead note that the poset ({d € D : d L i(b),Vb € G}, <) densely
embeds into ((D/i(G))", <q), and it has a simple name R = {(d, 7(d)) : d € D}. Then the Kunen
iteration BT sk R is equivalent to DT, and thus B %, C' ~ D. Indeed, BT #x R contains the dense
subset {(b,d) : b < m(d)}, which is isomorphic to {(b,d) € Bt x Dt : b < 7(d)} viewed as a subposet
of BT x DT. The map (b,d) — i(b) A d is a dense embedding into D; compatibility is preserved
because if (bl, dl) 1 (bQ, d2) then by A by L 7T(d1 VAN dg), SO Z(bl) VAN Z(bQ) ANdy ANdy = 0.

Here is how to generalize the above to posets. Suppose i : P — R is a complete embedding. Let
Q={(#,p): r € RAp e PApisareduct of r}, ordered (in the extension by P) as subposet of
R, then both the iteration P % Q and R densely embed into the Boolean completion of R, and are
therefore equivalent for forcing. See also Kunen [12, Lemma V.4.44].

8.5 Factor lemma

Back to general iteration. If P, is an a-stage iteration and 8 < «, then there is a complete
embedding i : Pg — P, defined by filling in i@g’s. Applying the above definition literally may not be
the best option, since although ¢ € P is a reduct of p € P, if ¢ <g p[f3, the converse may not hold
if P5 is not separative. So we simply define the Pg-name Rga by Rga ={(p,p!B) : p € P,}. Then
Pg * ]Rga is forcing equivalent to IP,. Indeed, the Kunen iteration Pg ]Rga has {(¢,p) : ¢ <g pIB}
as a dense subset, which in turn has a dense subset {(¢,p) : ¢ = p[f} that is isomorphic to Py;
recall that if ¢ <g p[f then ¢"pl[5, a) € Py. So P, densely embeds into Pg * Rga.
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Recall our convention that G is Po-generic and Gy is the induced Pg-generic filter. It is clear
that Rgo := (Rga)a, = {p € Pa : p[B € Gg}. Now we want to show that in V[Gp], Rg, looks like

an iteration (IP’E’B) : &€ < a— f) built from some (Qéﬁ) : & < a— ). Informally, Pgﬁ) = Rp g+¢ and

Qéﬂ) = QﬁJrg; the problem is that Q5+5 is a Pg4¢-name, but Qéﬁ) is supposed to be a Péﬁ)

a poset.

-name for

We need a map in the intermediate model V|G| that “partially interprets a name”. In
general, given a two step iteration P x Q and a (V,P)-generic G, there is a map in V|[G] that
transforms a P x Q-name o to a Qg-name o0q, such that for any Qc- generic H, (0g)g = ok where
K=G«+«H={(p,q) :p € GA g € H}. Inductively let o¢ = {(0¢,4c) : Ip € G (0, (p,q)) € o}.
Hopefully it will be clear from context whether oo means the interpretation of a P-name or the
partial interpretation of a P+ Q-name. Recall that ¢ € Core(Q) in our definition of iteration, so
ja € Qg =: Q, and inductively o € V[G]2.

Lemma 8.7. (i) (0¢)u = ok for any (V,P)-generic G and (V[G],Q)-generic H, where K =
G+ H={(p,q) :p€ GNjc € H}.
(ii) If p € G and (p,q) IF (o) in V, then g I ¢(og) in V[G]. In particular, if (1p, 1g) IF ¢(0)
in'V then 1g IF ¢(oq) in V]G].
(iii) If 4c - p(og) in V[G], then there is p € G such that (p,q) IFp,q (o).
(iv) The map VB VIG]Q, o — og is surjective.

Proof. (i) By induction on names,

(cq)u = {(oq)u : Jig € H (0a,dc) € og}
={(og)rg : IGc € HIp € G (0,(p,§)) € o}
={ok :3(p,q) € K (0,(p,9)) € o}

:O'K

(i) H 5 4o — K > (p,q) — V[K] | v(ox) — V|G][H] E ¢((cg)m), which is the same as
saying g Ik p(oq).

(iii) Since the statement ¢g IF p(o@) is true in V[G], it is forced by some p € G. For any
K 3 (p,q) we have p € G and ¢¢ € H. The former tells us 4g IFg ¢(0¢) in V[G]; then by the latter

we have VIG|[H] = ¢((0¢)n), namely VK] = ¢(ok).
(iv) First we devise P-names for names in V[G]®. Inductively define X, C V¥ such that
{oc : 0 € Xo} = V[G]Z, as follows. Xg = @ and Xo = U, Xp if a is a limit. An element

in V[GZ 1 is a subset of V[G]Y x Q, so it is equal to some g where 7 consists of certain pairs
(op(o,§),p) where 0 € X4, p € P and ¢ € Core(Q). Let X1 be the set of all such 7. Lastly

let X = Uyeorq Xa- Now we define a map that inductively sends 7 € X, to 7 € VE*Q, such
that mg = 7g; this would prove the surjectivity of the map. Simply define © by replacing all

(op(o,9),p) € ™ with (7, (p, q))- D

Theorem 8.8 (Factor lemma for general iteration). In V[Gg], Rgo densely embeds into an iteration
(]P’éﬁ) 1€ < a— ) built from some (QE’B) E<a-—p).
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Proof. First fix some notations. Local to this proof we use P I- ¢ to mean IFp ¢. For any
0 < ¢ < a— B, there is a map that changes a Pg,¢-name to a Pg * Rg g, ¢-name, since the former
densely embeds into the latter; then in V[Gp]| there is the above procedure that transforms a
Pg * Rp gy¢e-name to Rg gye-name. Denote the composition as t¢, which transforms a Pg¢ name to
a Rg gr¢e-name. So t¢(Qpye) is a Rg gye-name for a poset. Working in V[Gg], we inductively do
the following for £ < o — 5: define IF’éB ), as well as a surjective dense embedding i¢ : Rg g1¢ — ]P’éﬂ ),
Then the name translation map induced by i¢ changes a Rg g4¢-name to a ]P’éﬁ )—name; if &€ <a—g,
we let @éﬂ) = i¢(t¢(Qp¢)) and proceed to the next induction step.

Zero stage: IP’(()fj ) = {@} must hold by our definition of iteration. Rg 3 is by definition Gg,
which when viewed as a poset is directed, so the constant map ip from Rg g to ]P’éﬂ )is a surjective
dense embedding. As indicated above, we use ig to change the Rg g-name io(@g) to a ]P’(()ﬁ )_name for
a poset, denoted Qéﬁ ). It is essentially just (Qﬁ)gﬁ.

Successor stage: At a successor £+1, let IP’gr)l be defined as in the definition of iteration forcing,
namely it consists of all p~¢ where p € Péﬁ) and ¢ € Core(Qé’B)). Define i¢41 : Rggyer1 — Pé[j_)l
by the procedure below. If p € Rg g1¢11 then p[(8 + &) € Rggye and p(B +§) € Core((@6+£). Let
ier1(p) = ig(pl(B+ &))" ¢, where ¢ € Core(@éﬁ)) is determined as follows. Since Pgi¢ IFp(8+€) €

Qﬂ+§, we have
(a) R e I te(p(B +€)) € te(Qpre)

and therefore
(0) P I i (te(p(8 + €))) € @

We let g € Core(Qéﬁ )) be the unique element such that

() PP Ik i (te (p(B + €))) =

and then Qé’f_)l is defined using i¢4; as before. To maintain the induction hypothesis we need to
check ¢, is a surjective dense embedding. Surjectivity of i¢;1 boils down to the surjectivity of

p(B+ &) — ¢. Suppose ¢ € Core(@éﬁ)), so in particular
1) PP 1 e QF

Using the induction hypothesis that i¢ is a dense embedding, there is a Rg g1 ¢-name & such that
@) B IFig(#) = g

which together with (1) implies
(3) Rppa¢ IF @ € te(Qare)

By “essential surjectivity” of t¢ there exists a Pgi¢-name o such that

(4) R pie I te(o) = @
To show surjectivity, we need to find a suitable p € Rg gi¢i1 s.t. p(8 + &) = 0. But that requires
o € Core(Qp4¢), which may not be true. To fix this, we use Lemma 6.12 to get o such that

(5) Pgie o € ng and PgyelFo=0<<0 € ng

By the first clause we may assume o € Core(QBJﬁg). The second one tells us
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(6) R pic I te(0) = te(0) < te(0) € te(Qaye)
This together with (3) and (4) implies

(7) Ro g1 IFte(o) = 2
So Pgﬁ ) |- i¢(te(0)) = ¢, which by definition of i¢1; means i¢1; is surjective “at £”. Combining this
with the surjectivity of i¢ we are done.

It is relatively easy to see i¢y; is order-preserving. Preservation of incompatibility takes a bit

more work. Suppose pr € Rggyer1, k= 1,2 and they have some common extension in IP’EB ), By
surjectivity there exists p € Rg g1¢41 whose image under 7¢41 is a common extension. This means

ie(pl(B+€)) <ie(pul(B+€)), and
ie(pI(B+ &) IFig(te(p(B +€))) < ie(te(pr(B +€)))

for K =1,2. A dense embedding ¢ has the property that pi,...,p, have a common extension iff
i(p1), .. .,i(pn) do. Since by induction hypothesis i¢ is a dense embedding, and i¢(p[(5+E)), ie(p1[(B+
€)),i¢(p2[(B + €)) have a common extension, we may assume p[(8 + &) < pi[(8 + &) by possibly
strengthening p[(8 + &). We also have

pl(B+E) IFte(p(B+E)) < te(pr(B+E)) wrt. Rgpgye in VG

By Lemma 8.7, and viewing Pgi¢ as Pg x Rg g1¢,

PIB+EIFp(B+E) <pr(B+E) wrt. Pgiein V.

where p’ is obtained from p by strengthening p[3. Then p’ € Rg 54¢ and is a common extension of
p1, P2, as desired.

Limit stage: Suppose we are at a limit stage . It follows from our construction that if

p € Rgpyy and & < & < v, then ig, (p[(B + &1)) is an initial segment of ig, (p[(8 + &2)). We
define i,(p) to be the limit of the sequences i¢(p[(f + &)) as & — ~; in other words [iy(p)](§) =

licq1(pI(B + €+ 1))](€). Then we let Pgﬁ) be the image of i, so that i, is trivially surjective. As
before order-preservation is immediate. Suppose p1,p2 € Pgi, and i (p;), i = 1,2 have a common
extension. As before there exists p s.t. iy(p) is a common extension, which means

VE <y ig(pl(B+€)) I ig(te(p(B +¢))) < ig(te(pi(B +¢))), so
VE < pl(B+8) IFte(p(B+&)) <te(pi(B+E))

O]

Of course, knowing the remainder Rg,, is an iteration built from some random Qé’g ) is not enough.
From Lemma 8.7 we see that if Pz ¢ forces that @5+§ is the unique poset with some property ¢, e.g.

the property of being the Cohen poset Fny (), 2), then Pgﬁ ) forces Qéﬂ ) to have the same property.
This is implicitly used in virtually all factoring arguments.

We would also like P&ﬂ _) 5 to be the same type of iteration (finite support, countable support,
Easton support, etc.) as P,, which unfortunately is not always the case. If v < o — 3 is a limit and

P, is an iteration that takes direct limit at 5 + +, then (in V[Gg]) the iteration IP’&B ) 5 also takes
direct limit at . This is not true of inverse limit in general, i.e., it is not true that P, taking inverse
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(8)

limit at stage 8 + v implies P, 5 doing so at stage -y, but it is true in some important cases. The
following warm-up example is, similar to the factor lemma, essentially trivial modulo all the name
translations.

Lemma 8.9. Suppose the iteration P, takes inverse limit at every limit stage, then so does P;ﬁjﬁ.
Proof. If Gay¢ is (V,Pgi¢)-generic, let Gg be the induced (V,Pg)-generic filter, and G( ) be the
(VIGs], é ))—generlc filter that corresponds to the (V[Gp], ng g+¢)-generic filter via the dense
embedding i¢; it can then be checked that (Q6+5)05+6 (Q( )G<5).

£

Back in V, let Pgﬁ _) 5 € VP58 be the name for the iteration IP)L(IB _) 5 Suppose f € V5 is such that
IFp, “ f is a sequence of length a — 3 such that for any £ < o — 8, fI€ € ]1'3’28 )”; in particular, it is
forced that the &-th element of f is in the core (as constructed in the extension by Pg) of Qéﬂ ). Our
goal is to show that IFp, fe IP’((X’B_)B.

Still in V, let &¢ be the Psy¢-name defined as follows; imagine there is a (V,Pg¢)-generic
filter Ggy¢, then f is interpreted as a sequence f = fGB in V[Gg], and f(&) € Core(@éﬁ)); thus

f(f)G(g) € (Qéﬂ))G(m = (Q5+5)G5+5; if we consider some Pg,¢-name o for this element, then
IFpy, . 0 € Qpu¢, S0 o is equivalent to a unique member of Core((@,3+5) which we define as .
Define a sequence g of length a by ¢(8 + &) = &¢ and g(n) = 1Q for n < 8. Clearly g € P, since

inverse limit is taken everywhere. Then g € Rg,, and by construction, for any Gg we have in V[Gg]
that h :=i,—(g) and f are pointwise equivalent. Pointwise equivalence means I-ps) h(§) = f(&)

for every & < 8 — «; this is because h({)Gég) = ié(t{((i?g))c(ﬂ) = ()G = f(f)Gé,e). Since we are

using cores, in fact h(§) = f(§), and thus f = h =i,—5(g) € P(ﬁ) O

The next lemma is more useful. In particular it implies that the remainder of Easton support
iteration also has Easton support, which is used in Silver’s forcing construction of a measurable & s.t.
2% = gt following that by a Prikry forcing, we get the failure of Singular Cardinal Hypothesis.

Again, let P, be an iteration and 3 < . Let K3 = {{ < o — 3 : P, takes direct limit at 5+ £}.
Call a set X C o — 8 Kg-thin if sup(X N &) < £ for any £ € Kg; being Kg-thin is absolute.

Lemma 8.10. (i) Suppose « is a limit, and the iteration P, takes either direct or inverse limit at
every limit stage; furthermore, every Kg-thin set X in V[Gg] is covered by some Kg-thin set'Y in

V. Then IP’EYB 2 3 takes inverse limit at o — B iff Py, takes inverse limit at o.

(ii) Suppose « is a limit, P, takes only direct and inverse limits, and also it takes inverse limit

at every limit v > [ such that cf(y) < |Pg|, then for every £ < o — 3, P&B_)ﬂ takes inverse limit at &
iff Py, takes inverse limit at B+ &.

Proof. (i) Since P, only takes direct and inverse limits, it can be shown by induction that if p
is a sequence of length «, p[f € Pz and p(8 + §) € Qpy¢ for every £ < a — 8, then p € P, iff
supp(p) :={§ <o —B:p(B +¢) # 1oy, } is Kp-thin.

Suppose f € V[Gg] is a sequence of length o —  such that f[§ € Péﬁ) for every £ < a — 3. We
may assume f € VEs is forced by Ip, to have these properties. Then supp(f) is Kg-thin, because
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supp(f) N & is Kg-thin for every { < a — 3, since f[{ = 1¢(p) for some p € Rggi¢ C Pgie. By
assumption there exists a Kg-thin set Y € V' s.t. supp(f) C Y; by truth lemma there exists py € G
s.t. po Ik supp(f) C Y. Define g as in the proof of previous lemma, except that g(3 + &) = @¢ only
for £ €Y, and g is 1 everywhere else. By the first paragraph we have g € P,; then it can be shown

as before that i,_g(g) = f in V[Gg], so f € IP’&BJB.

(ii) It suffices to show that Pg, . satisfies the covering assumption in (i) for every v < a — f3.
Suppose IFp, X is a Kg-thin subset of v. We claim that Y := {{ <~v:Ip € Pspl- £ € X} is
Kp-thin, which clearly contains X. This is because Pg is [Pg|T-cc, so if ¢ < v has cofinality greater
than [Pg|, then the set {¢ < ¢ : 3p € Pg plF sup(X N¢) = £} has size at most [Ps], so it is bounded
below (. It follows that Y is bounded below ( too. O

Factor lemma is not needed in the consistency proof of Martin’s Axiom MA, which is one of
the first applications of iterated forcing. However, it does seem needed for the consistency proof
of Martin’s Axiom for Knaster forcings (cf. Kunen [12, Theorem V.4.12]), because at some point
one would like to argue that if P, is an iteration of Knaster forcings, Q € V[G] and Q is Knaster
in V]G], then it is also Knaster in V[Gg]. In the case of MA one could simply use the fact that
being ccc is downward absolute (if cardinals are preserved), but that is not true of Knaster forcing.
Instead we argue that the quotient forcing Rg , is an iteration of Knaster forcing, so Rg o * Q is
Knaster, but that’s the same as Rg , x Q, which means Q is Knaster.
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